DDE as two first-order time-periodic DDEs, then converting into a system of first-order timeperiodic PDEs, and finally converting into a first-order time-periodic ODE system. The difference
between these two formulations in the context of control is presented in this paper. Specifically,
we show that the former produces spurious Floquet multipliers at a spectral radius of 1. We also
propose an optimization-based framework to obtain feedback gains that stabilize closed-loop control systems with time-periodic delays. The proposed optimization-based framework employs the
Galerkin method and Floquet theory, and is shown to be capable of stabilizing systems considered
in the literature. Finally, we present experimental validation of our theoretical results using a rotary inverted pendulum apparatus with inherent sensing delays as well as additional time-periodic
state-feedback delays that are introduced deliberately.

Keywords: control system; delay differential equation; Floquet theory; Galerkin approximation;
stability; time-delay system.
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1 Introduction
In the last decade, the study of time-delay systems (TDS) has found increased application across
many domains, including control systems, machining processes, lasers, biological systems, neural
networks, and fluid mechanics. In the absence of delays, or if the delays are ignorable, the dynamics of many of these systems can be described simply using ordinary differential equations (ODEs).
When delays are present, however, the dynamics are described using delay differential equations
(DDEs), where the state derivatives are explicit functions of past states. This property complicates
the stability analysis of TDS. In general, delays can be either constant or time-varying. In this
work, we consider a special class of time-varying delays in which the delays are time-periodic.
The stability of a TDS depends on the location of the rightmost characteristic root of the system. The stability characteristics of TDS with constant delays have been studied extensively in the
literature [1, 2]. To determine the stability of a DDE with constant delays, knowledge of its characteristic roots is essential. Several methods have been proposed to determine the characteristic
roots of DDEs with constant delays, such as the Lambert W function [1, 3–5], Galerkin approximations [2, 6, 7], Laplace transforms [8], semi-discretization [9], spectral Tau methods [10], and
pseudo-spectral collocation [11–13]. A review of the various methods to find the characteristic
roots of DDEs with constant delays can be found in Pekař and Gao [14].
The stability analysis of TDS with time-periodic delays is not as straightforward as when the
delays are constant. The dynamics of a TDS with time-periodic delays (or time-periodic coefficients) are governed by a time-periodic DDE, and its stability depends on the spectral radius |λmax |
(i.e., the eigenvalue with largest magnitude) of the Floquet transition matrix (FTM), obtained using
Floquet theory. The time-periodic DDE is stable only if |λmax | < 1. Thus, a primary objective of
closed-loop control of a TDS is to ensure that |λmax | remains less than 1. State-of-the-art methods to analyze the stability of time-periodic DDEs include Galerkin approximations [6, 15, 16],
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direct numerical simulation [17, 18], semi-discretization [19, 20], full-discretization [21, 22], and
Lyapunov functions [23, 24]. The difficulties associated with constructing the Lyapunov functions
to determine the stability of TDS with time-periodic delays has been demonstrated by Liu and
Liao [23] and Jiang et al. [24]. Numerical tools, such as the M ATLAB® DDE-BIFTOOL package for bifurcation analysis [25], can alleviate much of the computational burden associated with
simulating and analyzing DDE systems.
Very limited literature exists on the stabilization and control of DDEs with time-periodic delays. However, some strategies have been reported for DDEs with time-periodic coefficients, including optimization-based [26–29] and non-optimization-based [29–31] approaches. Butcher and
Mann [26] used the Chebyshev polynomial expansion method to design delayed-state-feedback
controllers for periodic TDS. Butcher et al. [28] used the Chebyshev spectral continuous-time
approximation (CSCTA) and reduced Lyapunov–Floquet transformation to transform DDEs with
time-periodic coefficients into systems of constant-coefficient ODEs. By effectively removing the
delay and periodic coefficients, a closed-loop linear feedback controller could then be designed
using traditional design tools for linear time-invariant systems. Zhang and Sun [27] designed an
optimal proportional–integral–derivative feedback controller for a periodic linear time-delay system by minimizing the magnitude of the largest eigenvalue. Nazari et al. [29] developed three
strategies to design controllers for linear periodic TDS. In the first strategy, a finite-dimensional
monodromy operator was obtained using the Chebyshev collocation method; an optimal set of
control gains was then obtained based on the minimum spectral radius. In the second strategy,
the time-periodic DDE was transformed into a finite system of ODEs using the CSCTA technique. A cost function was then minimized using the linear–quadratic regulator (LQR) control
method by directly solving the time-periodic Riccati equation backwards in time. In the third
strategy, optimal control gains were obtained using CSCTA and the reduced Lyapunov–Floquet
transformation in conjunction with either pole placement or LQR control. Ma et al. [30] used
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shifted Chebyshev polynomials and Floquet theory to design a delayed-state-feedback controller
for linear time-periodic TDS using a symbolic approach. The main limitation of this method is
the size of the symbolic system that can be handled. Later, Ma et al. [31] proposed a symbolic
method using Floquet theory for delayed-state-feedback controller design for linear time-periodic
TDS. This method first constructs a finite-dimensional symbolic closed-loop monodromy matrix,
then uses it in conjunction with the Routh–Hurwitz stability criterion to design constant-gain and
periodic-gain delayed-state-feedback controllers. Very recently, Borgioli et al. [32] studied the stability robustness of linear DDE systems with time-periodic coefficients by computing the effect of
perturbations in system parameters on the Floquet multipliers.
In this work, we consider the control of TDS with time-periodic delays by first obtaining a system of time-periodic ODEs. Our main focus is to enhance the delay tolerance of the system which,
to the best of our knowledge, has not been considered in the literature. To design the controller, we
must first analyze the stability of the periodic TDS. We use the Galerkin approximation method
to determine the stability characteristics of periodic TDS, the efficacy of which has been demonstrated previously [6,15,16]. However, unique to this work, we consider two formulation strategies
for the Galerkin method. In the first strategy, we convert the second-order time-periodic DDE into
a time-periodic partial differential equation (PDE) along with boundary conditions. (Due to the
presence of the time-periodic terms, the boundary conditions are also time-periodic.) The secondorder PDE is then converted into a system of second-order time-periodic ODEs, and finally into a
system of first-order time-periodic ODEs. We refer to this strategy as the “second-order Galerkin”
method. In the second strategy, the second-order time-periodic DDE is converted into state-space
form (i.e., into two first-order time-periodic DDEs), then into a system of first-order time-periodic
PDEs, and finally into a system of first-order time-periodic ODEs. We refer to this strategy as the
“first-order Galerkin” method. It was observed by Sadath and Vyasarayani [33] that the secondorder Galerkin method results in an approximating ODE system with spurious Floquet multipliers.
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The spurious Floquet multipliers do not influence the stability of the system, but they do pose
practical challenges if one wishes to apply pole-placement techniques to stabilize the system. We
propose an optimization-based framework combined with the Galerkin approximation method to
perform pole placement, where the objective is to reduce the spectral radius |λmax | of the FTM to a
value less than 1. Finally, we perform experimental validation of the proposed approach, since very
limited literature exists on validating stabilization techniques for TDS with time-periodic delays.
Portions of this work appear in the Ph.D. thesis of Kandala [34].
The remainder of the paper is organized as follows. Section 2 describes the optimization problem. In Sec. 3, we provide a detailed description of how to find the stability regions of time-periodic
DDEs, using both the second-order and first-order Galerkin formulation methods. In Sec. 4, we use
a delayed Mathieu equation to demonstrate the existence of spurious Floquet multipliers when the
second-order Galerkin method is used. We also highlight the limitations of using stability charts
when many system parameters must be optimized. In Sec. 5, the proposed approach is applied to
stabilize a rotary inverted pendulum apparatus with inherent sensing delays as well as additional
time-periodic delays that are introduced deliberately. Finally, the conclusions drawn from this
study are summarized in Sec. 6.

2 Pole Placement for Time-Periodic DDEs
The eigenvalues of time-periodic DDEs do not exist explicitly; for this reason, we use Floquet
theory and study the spectral radius |λmax | of the FTM. The spectral radius has a direct relationship
to the stability characteristics of time-periodic systems. The proposed pole-placement technique
described in this section can be used to stabilize single-input single-output systems as well as
multiple-input multiple-output systems.
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Consider the following system of DDEs, represented here in state-space form:
ẋ(t) + Ax(t) +

m
X

Bq uq (t − τq (t)) = 0,

(1a)

q=1

uq (t − τq (t)) = KT
q x(t − τq (t)),

q = 1, 2, . . . , m,

(1b)

where x(t) , [x1 (t), x2 (t), . . . , xP (t)]T is the state vector, u(t) , [u1(t), u2 (t), . . . , um (t)]T is the
control vector, A ∈ RP ×P , Bq ∈ RP ×1 , Kq ∈ RP ×1 , and the time-periodic delays are τq (t) > 0.
Given A, Bq , and delays τq (t), the objective is to determine feedback gains Kq that stabilize
the system (i.e., where all Floquet multipliers are less than 1). The gains Kq are determined by
minimizing the following objective function:
J=



|λmax (Kq )| − α

2

,

(2)

where |λmax | is the spectral radius of the FTM (described in more detail in Sec. 3), which is a
function of the feedback gains Kq ; 0 ≤ α ≤ 1 is a parameter that specifies the desired spectral
radius. Thus, it is necessary to determine |λmax | of the FTM in order to find the optimal feedback
gain matrix K∗q . Although not used in this work, constraints can be introduced into this optimization problem to reflect hardware limitations, power use requirements, a desired time-delay stability
margin, or other practical constraints.

3 Mathematical Modeling
In this section, we present the Galerkin approximation method for systems governed by a secondorder DDE with time-periodic delays. Our formulation applies to systems of any dimension
(Eq. (1)), but for clarity of presentation we use the following scalar second-order DDE here:
ẍ(t) + a1 ẋ(t) + a2 x(t) +

n
X

bρ ẋ(t − τρ (t)) +

ρ=1
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where x(t) is the system state vector, ẋ(t) and ẍ(t) are its time derivatives, a ∈ R2 , b ∈ Rn , c ∈
Rm , and delays τi (t) ≥ 0 for i = 1, 2, . . . , n+ m. Equation (3) is said to be a DDE with constant or
discrete delays if all τi (t) are constant; if at least one τi (t) follows a periodic trajectory, then Eq. (3)
is said to be a DDE with time-periodic delays. The time-periodic delays are assumed to have a
fundamental time-period of T . Since we consider linear stability and pole placement in this work,
the initial conditions are immaterial (as explained below). We convert infinite-dimensional secondorder DDEs with time-periodic delays (Eq. (3)) into finite-dimensional systems of time-periodic
ODEs using the Galerkin approximation method. Below, we describe two possible strategies for
applying the Galerkin method.

3.1 Second-order Galerkin method
In this formulation, the second-order DDE with time-periodic delays is first converted into a
second-order time-periodic PDE; the PDE is then converted into a system of second-order timeperiodic ODEs which are finally written in first-order form. We briefly outline the formulation
here; further detail can be found in Sadath and Vyasarayani [33]. First, consider the following
transformation:
y(s, t) = x(t + τ̄ (t)s),

−1 ≤ s ≤ 0,

t ≥ 0.

(4)

Differentiating Eq. (4) with respect to time t and, separately, with respect to s reveals the following
relation:
∂y(s, t)
1 ∂y(s, t) τ̄˙ (t) s∂y(s, t)
=
+
,
∂t
τ̄ (t) ∂s
τ̄ (t) ∂s

−1 ≤ s ≤ 0,

t ≥ 0.

(5)

Now differentiating Eq. (5) with respect to t results in a second-order PDE:
1 ∂ 2 y(s, t)
τ̄˙ (t) ∂y(s, t)
∂ 2 y(s, t)
=
− 2
2
∂t
τ̄ (t) ∂t∂s
τ̄ (t) ∂s


2
τ̄˙ (t) s∂ y(s, t)
τ̄ (t)τ̄¨(t) − τ̄˙ 2 (t) s∂y(s, t)
+
+
.
τ̄ (t) ∂t∂s
τ̄ 2 (t)
∂s
Kandala et al.

8

(6)

CND-20-1378

Thus, the DDE (Eq. (3)) has been re-cast as a PDE. Boundary conditions for Eq. (6) are obtained
by substituting the transformation given by Eq. (4) into Eq. (3):
∂ 2 y(s, t)
∂t2

+ a1
s=0

∂y(s, t)
∂t

+ a2 y(0, t) +
s=0

n
X

∂y(s, t)
∂t
s=−τρ (t)/τ̄ (t)
ρ=1


m
X
τn+q (t)
, t = 0.
cq y −
+
τ̄
(t)
q=1
bρ

(7)

Briefly, the formulation concludes as follows. We assume a series solution and retain the first
N terms (determined through a convergence analysis):
y(s, t) =

∞
X

φi (s)ηi (t) ≈

i=1

N
X

φi (s)ηi (t) = φT (s)η(t),

(8)

i=1

where φ(s) , [φ1 (s), φ2 (s), . . . , φN (s)]T and η(t) , [η1 (t), η2 (t), . . . , ηN (t)]T are the vectors
of basis functions and coordinates, respectively. We substitute the truncated series solution into
Eq. (6), pre-multiply by φ(s), and integrate over the domain s ∈ [−1, 0] to obtain the following
system of second-order time-periodic ODEs:
Mη̈(t) =






1
τ̄ (t)τ̄¨(t) − τ̄˙ 2 (t)
τ̄˙ (t)
−τ̄˙ (t)
C+
D η̇(t) +
C+
D η(t).
τ̄ (t)
τ̄ (t)
τ̄ 2 (t)
τ̄ 2 (t)

(9)

Matrices M, C, and D are defined as follows:
M,

Z

0

T

φ(s)φ (s) ds,

C,

−1

Z

0
′

T

φ(s)φ (s) ds,

D,

−1

Z

0

sφ(s)φ′ (s)T ds,

(10)

−1

where φ′ (s) denotes the derivative of φ(s) with respect to s. For simplicity of notation, we define
the following:
˙
b = 1 C + τ̄ (t) D,
C
τ̄ (t)
τ̄ (t)
−τ̄˙ (t)
τ̄ (t)τ̄¨(t) − τ̄˙ 2 (t)
b
D= 2 C+
D,
τ̄ (t)
τ̄ 2 (t)

(11a)
(11b)

whereupon Eq. (9) can be written as
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The boundary conditions for the DDE given by Eq. (3) are as follows:
mη̈(t) = cη̇(t) + dη(t),

(13)

where m, c, and d are given by the following:
m = φT (0),
T

c = −a1 φ (0) −
T

d = −a2 φ (0) −

(14a)
n
X

ρ=1
m
X

bρ φ
cq φ

T

T

q=1





−τρ (t)
τ̄ (t)



−τn+q (t)
τ̄ (t)

,


(14b)
.

(14c)

The boundary conditions can be incorporated into Eq. (12) using the spectral Tau method [35, 36],
ultimately resulting in the following system of ODEs:
 
 
 
M
C
D
  η̈(t) =   η̇(t) +   η(t),
m
c
d

(15)

where matrices M, C, and D are the truncated matrices of size N − 1 × N obtained upon reb and D,
b respectively. Defining a state vector z(t) ,
moving the last row from matrices M, C,
 T
T
η (t), η̇ T (t) ∈ R2N , Eq. (15) can be rewritten as follows:



ż(t) = 

0

I

f −1 D(t)
e
f−1 C(t)
e
M
M




 z(t) = Gso (t)z(t),

(16)

 
 
 
M
C
D
e =
e =
f=
where M
 , D
 , and I is an identity matrix.
 , C
m
c
d
Matrix Gso (t) is periodic (with period T ), thus Floquet theory is used to determine the stability
of Eq. (16). The Floquet transition matrix (FTM) Φ(T ) is defined as follows:
r(T ) = Φ(T )r(0).
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Thus, the FTM describes a mapping of an initial state (r(0)) onto the state one period later (r(T )).
The FTM is obtained by integrating the following equation for t ∈ [0, T ]:
Φ̇(t) = Gso (t)Φ(t),

(18)

using Φ(0) = I as the initial conditions. We refer to the largest eigenvalue (in absolute value) of
the FTM (|λmax |) as its spectral radius; Eq. (16) is stable only if |λmax | < 1.

3.2 First-order Galerkin method
In this formulation, the second-order DDE with time-periodic delays is first converted into a system
of first-order DDEs with time-periodic delays. We then obtain a system of first-order PDEs with
time-periodic coefficients and, finally, a system of first-order time-periodic ODEs. We begin by
defining state vector w , [x(t), ẋ(t)]T and rewriting Eq. (3) as follows:
ẇ(t) = Aw(t) +

n
X

Bρ w(t − τρ (t)) +

ρ=1

m
X

Qq w(t − τn+q (t)),

(19)

q=1

where matrices A, Bρ , and Qq are given as follows:




1 
0 0 
 0
A=
,
 , Bρ = 
0 −bρ
−a2 −a1





 0 0
Qq = 
.
−cq 0

(20)

Next, we introduce the following transformation (analogous to Eq. (4)):
y(s, t) = w(t + τ̄ (t)s),

−1 ≤ s ≤ 0,

t ≥ 0.

(21)

Differentiating Eq. (21) with respect to t and, separately, with respect to s, we obtain the following
relation (analogous to Eq. (5)):
∂y(s, t)
1 ∂y(s, t) τ̄˙ (t) s∂y(s, t)
=
+
,
∂t
τ̄ (t) ∂s
τ̄ (t)
∂s

−1 ≤ s ≤ 0,

t ≥ 0.

(22)

Boundary conditions for Eq. (3) are obtained by substituting Eq. (21) into Eq. (19):

 X


n
m
X
−τρ (t)
∂y(s, t)
−τn+q (t)
= Ay(0, t) +
Bρ y
,t +
Qq y
,t .
∂t
τ̄ (t)
τ̄ (t)
s=0
ρ=1
q=1
Kandala et al.
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Thus, the original DDE (Eq. (3)) is converted into an equivalent system of first-order PDEs (Eq. (22))
with boundary conditions given by Eq. (23). A system of first-order ODEs is now obtained by assuming a series solution and retaining the first N terms:
yi (s, t) =

∞
X

φj (s)zij (t) ≈

N
X

φj (s)zij (t) = φT (s)zi (t),

i = 1, 2,

(24)

j=1

j=1

where φ(s) , [φ1 (s), φ2 (s), . . . , φN (s)]T and zi (t) , [zi1 (t), zi2 (t), . . . , ziN (t)]T are the vectors
of basis functions and coordinates, respectively. We define Ψ(s) ∈ R2N ×2 and β(t) ∈ R2N as
follows:





0 
φ(s)
Ψ(s) = 
,
0
φ(s)

β(t) =

whereupon Eq. (24) can be written as follows:




z1 (t)


z2 (t)


,

(25)

y(s, t) = ΨT (s)β(t).

(26)

Substituting Eq. (26) into Eq. (22), we obtain the following:



1
sτ̄˙ (t)
Ψ (s)β̇(t) =
Ψ′ (s)T β(t).
+
τ̄ (t)
τ̄ (t)
T

(27)

Pre-multiplying Eq. (27) by Ψ(s) and integrating over the domain s ∈ [−1, 0] produces a system
of first-order time-periodic ODEs:



1
τ̄˙ (t)
Pβ̇(t) =
R+
S β(t),
τ̄ (t)
τ̄ (t)

(28)

where matrices P, R, and S are square, block-diagonal, and of dimension 2N:






(1)
(1)
(1)
0 
0 
0 
S
R
P
P=
.
, S = 
, R = 
0 S(2)
0 R(2)
0 P(2)

(29)

Submatrices P(k) , R(k) , and S(k) are defined as follows for k = 1, 2:
P

(k)

,

Z

0

−1
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φi (s)φT
i (s) ds,

R

(k)

,

Z

0

φi (s)φ′i (s)T
−1

ds,

(k)

S

,

Z

0

sφi (s)φ′i (s)T ds. (30)

−1
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The matrix of boundary conditions is obtained by substituting the series solution (Eq. (24)) into
Eq. (23):
T

"

T

Ψ (0)β̇(t) = AΨ (0) +

n
X
ρ=1

T

Bρ Ψ



−τρ (t)
τ̄ (t)



+

m
X
q=1

T

Qq Ψ



−τn+q (t)
τ̄ (t)

#

β(t).

(31)

Equations (28) and (31) can be combined as follows:
Uβ̇(t) = V(t)β(t)
⇒

β̇(t) = U−1 V(t)β(t) , Gfo (t)β(t),

(32a)
(32b)

where U and V are square matrices of dimension 2N and are obtained by replacing the N-th and
2N-th rows of Eq. (28) with the first and second rows of Eq. (31), respectively.
Matrix Gfo (t) is periodic (with period T ); thus, as above for the second-order Galerkin method,
we use Floquet theory to determine the stability of Eq. (32). In this case, the FTM Φ(T ) is defined
as follows:
β(T ) = Φ(T )β(0).

(33)

Once again, the FTM describes a mapping of an initial state (β(0)) onto the state one period later
(β(T )). The FTM is obtained by integrating the following equation for t ∈ [0, T ]:
Φ̇(t) = Gfo (t)Φ(t),

(34)

using Φ(0) = I as the initial conditions. As before, Eq. (32) is stable only if the spectral radius of
the FTM (|λmax |) is less than 1.

3.3 Basis functions
In spectral methods, one must select an appropriate set of basis functions φ(s) to obtain the solution
of the approximating ODE system. In this work, we use shifted Legendre polynomials since they
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have been shown to have good convergence properties [35]:
φ1 (s) = 1,

(35a)

2s
,
τ̄
(2k − 3) φ2 (s)φk−1 (s) − (k − 2) φk−2(s)
,
φk (s) =
k−1
φ2 (s) = 1 +

(35b)
k ≥ 3.

(35c)

b and D
b in the second-order formulation (Eq. (12)) and
Using these basis functions, matrices M, C,

matrices P, R, and S in the first-order formulation (Eq. (29)) can be expressed in closed form as
follows [33]:

Mij =

(k)
Pij

=

(k)

Cij = Rij =

(k)

Dij = Sij =

where i, j = 1, 2, . . . , N and k = 1, 2.







1
,
2i−1




0,




2,

if i = j
,

(36a)

otherwise
if i + j is odd




0, otherwise



i−1


,
if i = j

2i−1



(−1)







0,

i+j

,

,

if i < j

(36b)

,

(36c)

otherwise

4 Results and Discussion
In this section, we present two illustrative examples. In the first example, we use an example from
the literature [2] to demonstrate the existence of spurious Floquet multipliers in the second-order
Galerkin formulation. We then illustrate the limitations of using stability charts alone to determine
suitable parameter values in a complicated system, motivating an optimization-based approach.
Kandala et al.
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4.1 Delayed damped Mathieu equation
Consider the following delayed damped Mathieu equation, a second-order DDE [37]:
ẍ(t) + cẋ(t) + (δ + ǫ cos(ωt)) x(t) = kx(t − τ (t)),

(37)

with c = ω = 2, k = 1, and time-periodic delay τ (t) = 0.6 + 0.2 cos(t). We use the secondorder and first-order Galerkin formulations, each with N = 10 terms in the series solution, to
convert the time-periodic DDE given by Eq. (37) into a system of time-periodic ODEs where
Gso (t) ∈ R20×20 (see Eq. (16)) and Gfo (t) ∈ R20×20 (see Eq. (32b)). The Floquet multipliers
obtained using the second-order Galerkin formulation are shown in Fig. 1(A) for δ = −1.5 and
ǫ = 4.17, and in Fig. 1(B) for the same value of δ but with ǫ = 4.25. We clearly see that the
second-order formulation produces Floquet multipliers on the unit circle in each case. As shown
in Fig. 2, the first-order formulation does not produce these spurious Floquet multipliers in either
case. Note that the system is stable when ǫ = 4.17 (Figs. 1(A) and 2(A)) and unstable when
ǫ = 4.25 (Figs. 1(B) and 2(B)). Notably, the second-order formulation is observed to produce
spurious Floquet multipliers for both stable and unstable systems.
The stability chart for this system in the [δ, ǫ] plane is shown in Fig. 3, generated using both
the second-order and first-order formulations. The stability charts are generated by dividing the
parameter space into a fine grid and computing the Floquet multipliers at each grid point. If all
Floquet multipliers lie within the unit circle, the system is stable; otherwise, it is unstable. Note
that the stability regions are identical, but that the stability contour cannot be obtained using the
second-order formulation (Fig. 3(A)) due to the spurious Floquet multipliers. By contrast, the
stability contour can be readily obtained using the first-order formulation (Fig. 3(B)). The firstorder formulation would therefore be preferable for pole placement, where parameters δ and ǫ
could be selected using Fig. 3(B) to achieve a desired spectral radius. The stability contour is
also useful for identifying ranges of parameter values for which the system is stable but could
Kandala et al.
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Figure 1: Floquet multipliers for the system given by Eq. (37) with δ = −1.5, obtained using
the second-order Galerkin formulation, for (A) ǫ = 4.17 and (B) ǫ = 4.25. Note that there are
spurious Floquet multipliers at the point (1, 0) in both cases.
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Figure 2: Floquet multipliers for the system given by Eq. (37) with δ = −1.5, obtained using the
first-order Galerkin formulation, for (A) ǫ = 4.17 and (B) ǫ = 4.25. Note that the spurious Floquet
multipliers observed in Fig. 1 are absent.
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Figure 3: Stability chart for the system given by Eq. (37) in the [δ, ǫ] plane, obtained using (A)
the second-order Galerkin formulation and (B) the first-order Galerkin formulation. The stability
regions are identical but only the first-order formulation provides the stability contour.

become unstable with small perturbations in the parameters. This first example demonstrates that
the stability contour obtained using the first-order formulation can provide important insight into
the control problem. We use the first-order formulation in the remainder of the paper.

4.2 First-order DDE with two time-periodic delays
Consider the following first-order time-periodic DDE [2]:
ẋ(t) − ax(t) − bx(t − τ1 (t)) − cx(t − τ2 (t)) = 0,

(38)

with time-periodic delays τ1 (t) = 0.6 − 0.4 sin(t) and τ2 (t) = 0.6 − 0.2 sin(t). We convert this
time-periodic DDE into a system of time-periodic ODEs of the form given by Eq. (32b), with
N = 7 terms in the series solution (Eq. (24)) and Gfo (t) ∈ R14×14 . In this case, we have three
parameters to tune: a, b, and c. The 3D stability chart in the [a, b, c] space is shown in Fig. 4(A) for
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Figure 4: Stability contours for the system given by Eq. (38) shown (A) in the [a, b, c] space and
(B) in the [a, b] plane with c = −2.5.

a ∈ [−10, 2], b ∈ [−10, 15], and c ∈ [−3.5, −2.5], varying c in steps of 0.1; Fig. 4(B) shows only
the topmost slice (i.e., where c = −2.5). As in the previous example, a series of stability contours
could be used to identify suitable ranges of parameter values; however, note that the difficulty
of this approach increases dramatically for systems with many parameters. For a more general
approach, we propose an optimization-based framework to improve the closed-loop stability of
time-delay systems, which we demonstrate in Sec. 5.

5 Experimental Validation
In this section, the proposed Galerkin approximation–based optimization framework is validated
using the rotary inverted pendulum apparatus from Quanser (QUBE-Servo Rotary Servo Experiment, Quanser Inc., Markham, Ontario, Canada), shown in Fig. 5. The apparatus comprises a
free-swinging rigid pendulum mounted to the end of a servo-driven rotary arm. The position of
the arm is given by θ as it rotates about the vertical axis in the horizontal plane; the position of the
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Figure 5: Rotary inverted pendulum apparatus, shown here with θ ≈ 0◦ and γ ≈ 180◦ .

pendulum is given by γ, where γ = 0◦ when the pendulum is hanging at rest and γ = 180◦ when
it is inverted.
The linearized equations of motion for the rotary inverted pendulum system are as follows [38]:

Jr + mp ℓ2r θ̈(t) − 12 mp ℓp ℓr γ̈(t) = T (t) − Br θ̇(t),


Jp + 41 mp ℓ2p γ̈(t) − 12 mp ℓp ℓr θ̈(t) − 21 mp ℓp gγ(t) = −Bp γ̇(t),

(39a)
(39b)

where ℓp , mp , and Jp are the length, mass, and moment of inertia of the pendulum with respect to
its pivot point; ℓr is the length of the rotary arm; Jr is the equivalent moment of inertia acting on
the servo shaft; Bp is the viscous damping about the pendulum’s pivot; Br is the viscous damping
about the servo shaft; g is the gravitational acceleration; and T (t) is the torque applied by the servo
Kandala et al.
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to the rotary arm. The torque T (t) is given by the following [38]:
T (t) =


km 
Vm (t) − km θ̇(t) ,
Rm

(40)

where km is the DC motor back-electromotive force constant, Rm is the electrical resistance of the
DC motor armature, and Vm (t) is the input voltage (the control signal). Numerical values for these
parameters are provided by Quanser [38] and are listed in Table 1. We can express the linearized
equations of motion for the rotary inverted pendulum system (Eq. (39)) in state-space form as
follows:
ẋ(t) = Ax(t) + Bu(t),

(41a)

u(t) = −KT x(t),

(41b)

h
iT
where x(t) , θ(t), γ(t), θ̇(t), γ̇(t) is the state vector, u(t) , Vm (t) is the control input, and A
and B are given as follows:

0
1
0


0
0
0
A=

0 149.2751 −0.0104


0 261.6091 −0.0103



0


1
,

0


0

B=












0
0

















49.7275










49.1493

.

(42)

The controller sampling frequency is 500 Hz, and thus the system has an inherent delay of 2
ms. We first consider controlling the system in its original form, without introducing any additional
delays. Here, we use feedback gains K = [−2, 30, −2, 2.5]T , which are provided by Quanser for
the balance control exercise [39]. The steady-state response of the system is shown in Fig. 6. Note
that the system is stable about its vertical equilibrium position (γ = 180◦) and recovers when an
external disturbance force is applied.
An additional sensing delay is now introduced. We use a time-periodic delay of the form
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Table 1: Parameter values for the rotary inverted pendulum apparatus [38].
Parameter

Value

Units

ℓp

0.129

m

ℓr

0.085

m

mp

0.024

kg

Jp

3.32820 × 10−5

kg · m2

Jr

5.71979 × 10−5

kg · m2

Bp

0

N · m · s · rad−1

Br

0

N · m · s · rad−1

Rm

8.4

Ω

km

0.042

V · s · rad−1

g

9.81

m · s−2

Figure 6: Stable response of the inverted pendulum (γ) and rotary arm (θ) with an inherent delay
of 2 ms and feedback gains K = [−2, 30, −2, 2.5]T . An external disturbance force is applied for
t ∈ [33, 47].
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Figure 7: Stability chart of the rotary inverted pendulum system obtained numerically using the
first-order Galerkin formulation (shaded region) and determined experimentally (circles indicate
stable responses; crosses, unstable responses), using feedback gains K = [−2, 30, −2, 2.5]T . The
stability boundaries for increasing τ1 are in good agreement.

τ (t) = τ1 + τ2 sin(t), which results in the following state-space representation of the system:
ẋ(t) = Ax(t) + Bu(t − τ (t)),

(43)

where matrix A and vector B are given by Eq. (42), τ1 ≥ 2 ms, and τ2 ≤ τ1 − 2 ms. These
constraints on τ1 and τ2 account for the system’s inherent delay of 2 ms (which cannot be removed)
and ensure that the total delay is never negative. Figure 7 shows the stability chart in the [τ1 , τ2 ]
plane, obtained using the first-order Galerkin formulation and the same feedback gains K as above.
The shaded region indicates the combinations of τ1 and τ2 for which we anticipate the system will
be stable (i.e., where the magnitude of the largest eigenvalue is less than 1).
Experimental validation is performed using the apparatus shown in Fig. 5. We introduce the
time-periodic delay τ (t) defined above into the feedback controller and perform two sets of exKandala et al.
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Figure 8: Stable response of the inverted pendulum (γ) and rotary arm (θ) using feedback gains
K = [−2, 30, −2, 2.5]T with a time-periodic delay: (A) τ (t) = 10 + 5 sin(t) ms and (B) τ (t) =
10 + 6 sin(t) ms.

periments. In the first set of experiments, we consider several values of τ1 and τ2 using the same
feedback gains as before, K = [−2, 30, −2, 2.5]T . In Fig. 7, the points marked with circles are
the combinations of τ1 and τ2 for which the physical system is stable; the points marked with
crosses are the combinations of these parameters for which the system was observed to be unstable. It is clear from Fig. 7 that the stability boundary predicted using the first-order Galerkin
formulation is in close agreement with the stability observed experimentally. We were particularly interested in detecting the loss of stability as τ1 increases (recall that τ (t) = τ1 + τ2 sin(t)
in Eq. (43)), which is reliably detected. The small difference between the predicted and observed
stability boundaries may be attributed to error in model parameters and unmodeled effects. In
Fig. 8, we show the time response of the system in two stable cases: τ (t) = 10 + 5 sin(t) ms
and τ (t) = 10 + 6 sin(t) ms. The time response is shown for two unstable cases in Fig. 9:
τ (t) = 11 + 5 sin(t) ms and τ (t) = 11 + 6 sin(t) ms.
We now use the proposed optimization-based framework to stabilize Eq. (41) where τ1 = 11 ms
and τ2 = 6 ms. (The time response of the system for this combination of delay parameters is
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Figure 9: Unstable response of the inverted pendulum (γ) and rotary arm (θ) using feedback
gains K = [−2, 30, −2, 2.5]T with a time-periodic delay: (A) τ (t) = 11 + 5 sin(t) ms and (B)
τ (t) = 11 + 6 sin(t) ms.

shown in Fig. 9(B), when the original set of feedback gains K is used.) The minimization problem
is solved using the Nelder–Mead algorithm in M ATLAB® via the fminsearch function. The
optimal feedback gains are K∗ = [−2.1811, 30.4980, −1.4500, 2.8618]T ; the objective function
value at this solution is J ∗ = 3.6746 × 10−11 and the spectral radius is 6.0619 × 10−6 . A second
set of experiments is now performed, using optimal feedback gains K∗ . Recall that parameters
τ1 = 11 ms and τ2 = 6 ms resulted in an unstable closed-loop system when the original feedback
gains K were used (see Fig. 9(B)). Repeating this experiment using optimal feedback gains K∗ , we
find that the system is now stable; the time response is shown in Fig. 10. Note that the oscillations
in the angle of the pendulum (γ) and rotary arm (θ) are very small. In fact, the system remains
stable for many parameter combinations that originally caused instability (indicated with crosses
in Fig. 7). Increasing τ1 while holding τ2 = 6 ms, we observe that the system remains stable
up to τ1 = 17 ms (Fig. 11(A)). Although the pendulum remains upright (γ ≈ 180◦), notice that
large oscillations appear in the response as the system recovers from the application of an external
disturbance force at t ≈ 15 s and t ≈ 27 s. Increasing τ1 further, we find that the system is unstable
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Figure 10: Stable response of the inverted pendulum (γ) and rotary arm (θ) using feedback gains
K∗ = [−2.1811, 30.4980, −1.4500, 2.8618]T with a time-periodic delay of τ (t) = 11+6 sin(t) ms.

when τ1 = 18 ms (Fig. 11(B)). Note, however, that these results were obtained using feedback
gains K∗ that were optimized for τ1 = 11 ms and τ2 = 6 ms; if larger delays are anticipated, the
optimization procedure can be used to find a different set of feedback gains for the given delay
parameters.

6 Conclusions
In this paper, we have first presented two approaches for applying the Galerkin approximation
method to the analysis of second-order DDEs with time-periodic delays. As discussed and demonstrated, the second-order Galerkin formulation results in spurious Floquet multipliers, which limits
its utility in pole-placement problems. Next, we have proposed an optimization-based framework
for pole placement in time-delay systems, using the first-order Galerkin formulation (which does
not introduce spurious Floquet multipliers). Finally, we validated the proposed approach experimentally using a rotary inverted pendulum apparatus with inherent sensing delays as well as additional time-periodic state-feedback delays that were introduced deliberately. This otherwise un-
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Figure 11: Response of the inverted pendulum (γ) and rotary arm (θ) using feedback gains K∗ =
[−2.1811, 30.4980, −1.4500, 2.8618]T with a time-periodic delay: (A) τ (t) = 17 + 6 sin(t) ms
(stable) and (B) τ (t) = 18 + 6 sin(t) ms (unstable).

stable system was successfully stabilized using the proposed approach and the time-delay stability
margin was increased.
The approach presented in this work can be extended to systems in which the coefficients
are time-periodic, as might be encountered in studies on linear oscillators and rotor dynamics. It
would be valuable to conduct further experimental validation since very limited literature exists
on the validation of stabilization techniques for time-delay systems with time-periodic delays.
It would also be useful to explore the effect of adding constraints to the optimization problem.
An unconstrained optimization problem was solved in this work; however, practical systems are
typically constrained by limits on the control effort, energy usage, and other factors.
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