the characteristic equation of the linearized system. We show that the area of the zero equilibrium
region is inversely related to the derivative time constant of the PD controller; thus, we focus on
a strictly proportional-gain controller. The spectral Tau method is used to identify the eigenvalues associated with the zero equilibrium, since the rightmost eigenvalues determine the system’s
robustness to perturbations in the initial conditions. We use the method of multiple scales and
harmonic balance to obtain the global bifurcation diagram in the space of the applied frequency
and the amplitude of the response. Numerical simulations verify our analytical expressions. Study
of the dynamics, stability, and control of the roll motion of ships is critical to avoid dynamic instabilities and capsizing.

Keywords: bifurcation; control; Floquet theory; harmonic balance; ship; stability.
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1

Introduction

Ships navigating heavy seas are susceptible to various types of wave excitation. The dynamic
interaction between the ship and the waves may lead to dynamic instabilities, resulting in highamplitude roll excitation and, in the worst case, capsizing. Compared to the pitch and yaw motions, the roll motion of a ship has the least amount of damping [1]. In addition to the potential
for capsizing, rolling can cause sea sickness, obstruct crew work, and limit the ability to handle
equipment on naval vessels. Therefore, it is crucial to study the dynamics, stability, and control of
the roll motion of ships.
The roll dynamics of a ship can become unstable through two mechanisms: direct excitation
and parametric excitation. Direct excitation is a consequence of sea waves that are incident upon
the port side or starboard side of the ship, directly exciting the roll motion. Beam waves (approximately perpendicular to the ship’s heading) and oblique waves can both cause direct excitation.
If the frequency of the wave matches the roll natural frequency, direct resonance occurs and leads
to high-amplitude roll motion. Ships are typically navigated perpendicular to waves to reduce direct excitation of the roll motion. Parametric excitation is a consequence of the inherent coupling
between the pitch and roll motions of a ship. Head and follower waves (incident on the bow and
stern, respectively) directly excite the pitch motion, as do oblique waves. If the pitching frequency
becomes twice the roll natural frequency, the ship will undergo parametric resonance and the roll
motion will be excited indirectly. In general, the presence of oblique waves will excite both the
roll and pitch motions; however, the direct roll excitation frequency can be made to be sufficiently
different from the roll natural frequency by adjusting the speed and heading of the ship. This navigational strategy can reduce the roll amplitude of the ship, provided it is operated far from the
state of direct roll resonance. However, the amplitude and speed of waves in the ocean are not
controlled, and there are limits to the range and rate at which a ship’s speed can be adjusted.
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If direct roll resonance cannot be controlled by adjusting the ship’s speed, one can stabilize
the roll motion via active control. Bilge keels, fins, rudders, gyroscopic stabilizers, and U-tube
anti-roll tanks (ARTs) can be used to attenuate high-amplitude roll motions. Unlike the other
control strategies, the performance of an ART is independent of the forward speed of the ship and
thus is effective even when moored (e.g., to stabilize the ship while loading and unloading cargo).
Additionally, the performance of an ART is independent of the natural frequency of the ship and
the tank. A passive ART behaves like a tuned mass–damper system. An actively controlled ART
pumps air between tanks on the port side and starboard side of the ship, displacing the water in the
tanks and thereby generating torques that counter the ship’s roll motion (Fig. 1). The time required
to pump fluid from one tank to another, the inertia of the large impeller blades and linkages, and
the measurement and processing time of the roll sensing unit are all sources of time delay in
the correction-torque control system. Moving fluid from one tank to another has two effects: it
changes the restoring arm of the ship by redistributing weight, and it changes the roll damping
due to frictional losses of the fluid flow. Therefore, the ART can be modelled as a proportional–
derivative (PD) feedback control system with time delay. In this work, we use theoretical and
numerical techniques to investigate the nonlinear dynamics of ships undergoing direct resonance
with active control in the presence of time delays. The mathematical model we consider is similar
to models that arise in the study of other systems where delays are encountered, such as machine
tool vibration [2], vibration of towed wheels [3], and delayed force control of robots [4].
In their pioneering work of the mid-1980s, Nayfeh and Khdeir [5, 6] studied the rolling of
a ship as a single-degree-of-freedom nonlinear dynamical system and identified the existence of
chaos when a ship is subjected to beam waves. In the 1990s, Thompson et al. [7, 8] identified
the fractal structure in the safe-basin boundary of capsizing. Senjanović et al. [9] used a singledegree-of-freedom model to study the safe-basin boundary of capsizing for different values of sea
state, ship speed, and wave direction. Many more analyses have been performed on the coupled
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Figure 1: A ship equipped with an actively controlled anti-roll tank. The pump (P) pumps air
between tanks to displace water (thick arrows) and generate corrective torques (curved arrows).

motion of ships to understand the dynamics of all six of their motions. Detailed literature reviews
on the dynamics of ship motion have been published by Spyrou and Thompson [10], Spyrou [11],
Ibrahim and Grace [12], and Neves [13].
Strategies to control the roll motion of a ship predate these analyses. In 1874, Froude [14]
proposed a fluid-filled rectangular tank placed on the deck, above the ship’s center of gravity. In
1885, Watts [15] proposed that, for best performance, the motion of the liquid inside the tank
should be out of phase with the ship’s rolling motion. Practical application of these tanks was
unsuccessful due to the free surface effect and their use of valuable space on the deck. In 1911,
Frahm [16] proposed a passive U-tube tank to overcome these disadvantages. The design consisted
of two reservoirs connected with a horizontal pipe and was located below the ship’s center of
gravity.
In 1935, Minorsky [17] studied active control of a ship’s rolling motion, considering nonlinear damping and a linear restoring moment. The control law was modelled based on the rate of
rolling, which affects the roll damping. Minorsky highlighted the importance of delay; however,
he neglected the higher-order terms in the Taylor series expansion of the delayed control function. In 1941, Minorsky [18] reviewed the state of the art at the time, including discussion on
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the analysis of ship stability, rolling and pitching motions, and stabilization methods. In 1954,
Chadwick and Klotter [19] studied the dynamics of a U-tube tank for United States Navy vessels.
Stigter [20] and Van den Bosch and Vugts [21] analyzed the performance of various ART designs
for the Netherlands Ship Research Center.
In 2001, Abdel Gawad et al. [22] considered a single passive U-tube ART to control the roll
motion of a ship, using linear models for both the roll and fluid motions. The effects of tank
damping, tank mass, and the location of the tank relative to the ship’s center of gravity were
analyzed. They concluded that a well-tuned passive ART can reduce roll amplitude effectively.
Youssef et al. [23] extended this work and studied all six degrees of freedom of the ship; however,
only the moments caused by fluid motion in the tank were considered. They investigated the
effect of tank damping, frequency, and mass on the tank performance. In Youssef et al. [24], they
compared the effectiveness of one, two, and three tanks, and concluded that a three-tank system
was best for reducing roll.
In 2009, Marzouk and Nayfeh [25] extended the work of Youssef et al. by studying an active Utank ART based on a proportional–derivative (PD) control law. They concluded that an active ART
outperforms a passive ART in terms of roll reduction, size, and weight, and is more responsive to
parametric rolling. Moaleji and Greig [26] proposed an active U-tank ART with a controller based
on an adaptive inverse model. Numerous other studies have assessed the effect of both passive and
active ARTs on a ship’s roll motion [27, 28] and coupled roll-pitch-heave motions [29, 30].
The importance of feedback delays has been firmly established and remains a source of investigation (e.g., [31]). Spyrou [32] investigated the effect of heading and yaw rate feedback delays
on the performance of a course-keeping controller, but no work in the existing literature has reported the effect of control system delays on the roll dynamics of a ship or on the performance of
active U-tube ARTs. In this work, we model an actively controlled U-tube ART as a PD controller
with constant delay. The delay originates from the time required for the fluid to be pumped from
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one container to another, the inertia associated with large impeller blades and linkages, and the
measurement and processing time of the roll sensing unit. We study the linear stability, normal
forms near Hopf bifurcation points, and the response of the system under harmonic excitation. The
presence of a delay results in an infinite-dimensional system, which makes the mathematical analysis challenging. We employ the method of multiple scales (MMS) [33], the method of harmonic
balance [34], continuation techniques [35], and direct numerical simulation.

2

Mathematical Model

We consider a single-degree-of-freedom scaled model to study the relative rolling of a ship in a
beam sea wave [5], with an added control function with time delay. This system is governed by
the following equation:
φ̈(t) + ω02 φ(t) + 2µ̂1 φ̇(t) + µ̂3 φ̇3 (t) + α̂3 φ3 (t) + α̂5 φ5 (t) = fˆ cos(ωe t) + u(t − τ ),

(1)

where φ(t) is the roll angle relative to the surface wave profile, ω0 is the natural frequency, µ̂1 and
µ̂3 are the linear and cubic damping coefficients, α̂3 and α̂5 are the coefficients of the restoring
function, and ωe is the encounter frequency. Amplitude fˆ is proportional to the wave slope and is
given as follows:
F ωe
fˆ =
,
I + δI

(2)

where F is the amplitude of the wave slope, which is defined as the angle between the wave surface
and the horizontal plane or, equivalently, as the angle between the centerline plane of the ship and
the vertical plane. For this analysis, we consider a unit roll moment of inertia (I) and an added
moment of inertia (δI) amounting to 25% of the former. Finally, in Eq. (1), u(t − τ ) is the control
function (with time delay τ ) that corresponds to the effect of the ART. We consider a PD controller
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for the subsequent analysis; thus, the governing equation (Eq. (1)) becomes the following:
φ̈(t)+ω02 φ(t)+2µ̂1 φ̇(t)+ µ̂3 φ̇3 (t)+ α̂3 φ3 (t)+ α̂5 φ5 (t) = fˆ cos(ωe t)− k̂p φ(t−τ )− k̂d φ̇(t−τ ). (3)
In the following analysis, we assume that k̂d = ρk̂p , where ρ is called the derivative time constant.
The five fixed points of Eq. (3) when fˆ = 0 are given by the following:
r


2
2
α̂3 − 4α̂5 ω0 + k̂p
α̂3
2
φ̄ = 0,
φ̄ = −
±
.
2α̂5
2α̂5

(4)

The existence of five equilibrium points in our model is a consequence of the fifth-order approximation we have used for the restoring function. Nonzero equilibrium points exist only for
α̂2
k̂p ≤ 3 − ω02 . This inequality indicates that there is a value for k̂p above which only the zero
4α̂5
α̂2
equilibrium point exists: k̂p,min = 3 − ω02 . Because our objective is to control the roll motion of
4α̂5
the ship around the zero equilibrium, we impose the condition k̂p ≥ k̂p,min , which ensures that only
the zero equilibrium point exists in our model.

3

Linear Stability Analysis

Linear stability analysis is useful for studying the stability characteristics of a fixed point (here,
the zero equilibrium point) in a parametric space of gains and delays. We first linearize Eq. (3)
about the zero equilibrium point, then obtain the stability boundary analytically. Finally, the stable
region in the parameter space of the proportional gain (k̂p ) and the delay (τ ) is obtained using the
spectral Tau method [36]. The stability boundary can be determined using several methods; the
spectral Tau method is used here as it additionally provides information about the location of the
rightmost eigenvalue of the system in the stable region.
Perturbing the homogeneous part of Eq. (3) about φ̄ = 0 using φ(t) = r(t) + φ̄, we obtain the
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following:
r̈(t) + ω02 r(t) + 2µ̂1 ṙ(t) + µ̂3 ṙ3 (t) + α̂3 r3 (t) + α̂5 r5 (t) + k̂p [r(t − τ ) + ρṙ(t − τ )] = 0.

(5)

Retaining only the linear terms in Eq. (5) and substituting the solution r(t) = Ceλt , where {C, λ} ∈
C2 , we arrive at the following characteristic equation:
D(λ) = λ2 + 2µ̂1 λ + ω02 + k̂p e−λτ (1 + ρλ) .

(6)

This is a quasi-polynomial and, thus, has an infinite number of roots. The homogeneous solution
is asymptotically stable if all the eigenvalues lie on the left half of the complex plane; it is at the
stability boundary if the rightmost eigenvalue is at the origin or if there exists a pair of complex
conjugate eigenvalues of the form λ = ±jωcr (where j 2 = −1 and ωcr > 0). Finally, the homogeneous solution is unstable if at least one of the real eigenvalues is positive or if there exists a pair
of complex conjugate eigenvalues whose real part is positive. Note that λ = ±jωcr corresponds to
a Hopf bifurcation. Therefore, Hopf bifurcation points can be found by substituting λ = jωcr (or
λ = −jωcr ) into Eq. (6) and separating the result into its real and imaginary parts:
2
Re {D(jωcr )} = k̂p cos(ωcr τ ) + k̂p ρωcr sin(ωcr τ ) − ωcr
+ ω02 ,

(7a)

Im {D(jωcr )} = k̂p ρωcr cos(ωcr τ ) − k̂p sin(ωcr τ ) + 2µ̂1 ωcr .

(7b)

Linear stability boundaries can now be obtained by solving Eq. (7) for k̂p and τ :
r


2 ) 4µ̂2 ω 2 + (ω 2 − ω 2 )2
(1 + ρ2 ωcr
0
1 cr
cr
k̂p =
,
(8a)
2
1 + ρ2 ωcr

r



2
2
2 2
2 2
2
2
2
 (1 + ρ ωcr ) 4µ̂1 ωcr + (ωcr − ω0 ) + ωcr (2ρµ̂1 − 1) + ω0 
2 
nπ + arctan 
 .
τ=


ωcr 
ρωcr (ω 2 − ω 2 ) + 2µ̂1 ωcr
cr

0

(8b)
Equation (8) describes a family of curves, called stability lobes, where n is the lobe number.
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Table 1: Parameter values for the models of Wright and Marshfield [37] (obtained from Nayfeh
and Khdeir [5]), and the relative roll angle (in radians) at the maximum restoring moment before
capsizing (φcr ).
α̂5 /ω02

µ̂1

µ̂3

φcr

5.2779 −1.69119

0.63297

0.0855

0.108

0.48

Medium freeboard 5.2779 −0.71455

0.11342

0.090

0.096

0.74

−0.32651

0.01140

0.0735

0.094

1.04

ω0
Low freeboard

High freeboard

4.790

α̂3 /ω02

In the following numerical analysis, we consider the low-, medium-, and high-freeboard models
of Wright and Marshfield [37]. The parameters for these models are provided in Table 1 [5, 37],
along with the relative roll angle at the maximum restoring moment before capsizing (φcr ). The
angle φcr was obtained by plotting the nonlinear restoring function as a function of the relative
roll angle. Equation (8) was used to generate stability diagrams in the parametric space of the
proportional gain (k̂p ) and the delay (τ ), with ρ = 0, as shown in Fig. 2(a–c). The horizontal dashed
line labelled k̂p,min represents the minimum gain required to avoid stable limit cycle oscillations;
the region above the dashed line (i.e., k̂p > k̂p,min ) is the operating region for zero equilibrium. As
shown in Fig. 2(c), the high-freeboard model does not have a stable region of the zero equilibrium
within the operating region. To determine the optimal control parameters in this case, we would
require additional information about the nonzero equilibrium points which is beyond the scope of
the current work. Thus, we consider only the low- and medium-freeboard models in the analysis
that follows.
Figure 2(d) illustrates the area of the stable region (η) as a function of the derivative time
constant (ρ). (Recall that k̂d = ρk̂p .) The area of the stable region is obtained via numerical


integration from the k̂p , τ data (e.g., the regions shown in Figs. 2(a) and 2(b) for ρ = 0) for
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Figure 2: Linear stability charts and rightmost eigenvalue contours for (a) low-freeboard, (b)
medium-freeboard, and (c) high-freeboard models (all with ρ = 0); and (d) the relationship between the area of the stability region (η) and the derivative time constant (ρ) for low- and mediumfreeboard models. A delay of τ = 5 s corresponds to approximately 4 times the period of natural
oscillation for the low- and medium-freeboard models.
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different values of ρ. Note that, for both the low-freeboard and medium-freeboard models, the area
of the stable region decreases as ρ increases. We, therefore, conclude that the derivative term is
detrimental to the stability of this system and proceed only with the proportional-gain controller.
To determine the optimal values for the proportional gain (k̂p ) and delay (τ ) parameters in the
control function, we consider the location of the rightmost eigenvalue. In particular, the rightmost eigenvalue should be as far from the imaginary axis as possible, which corresponds to the
greatest robustness to perturbations in the initial conditions [38]. We use the spectral Tau method
to compute the rightmost eigenvalues of the linear delay differential equation (DDE) given by
Eq. (5) (after dropping the higher-order terms). Figures 2(a) and 2(b) show contour plots of the
rightmost eigenvalue locations for the low- and medium-freeboard models in the parametric space.
The optimal gain and delay are k̂p = 4.23 s−2 and τ = 0.87 s for the low-freeboard model, and
k̂p = 4.21 s−2 and τ = 0.87 s for the medium-freeboard model. (In the figures, these points are
shown in the darkest blue colour.) Note, however, that these parameters are not universally optimal
for the control function, as we considered only the linearized system around the zero equilibrium;
due to nonlinearities, these parameters may fail to control the roll amplitude effectively at high
values of the wave slope. In Sections 6 and 7, these parameters will be used to analyze the system
under harmonic excitation.

4

Local Bifurcation Analysis and Normal Forms

The normal forms of a dynamical system are useful for performing a local bifurcation analysis
and for obtaining qualitative insights into the system behaviour at bifurcation points. The method
of center manifold reduction [39] is generally used to obtain the normal forms. However, we can
apply the method of multiple scales (MMS) [40] to Eq. (5) to obtain the normal-form equations at
the Hopf bifurcation points. We introduce a bookkeeping parameter  and let µ̂3 = µ3 , α̂3 = α3 ,
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α̂5 = α5 , k̂p = kcr + δ, and ρ = 0. Upon substituting these values into Eq. (5), we obtain the
following:


r̈(t) + 2µ̂1 ṙ(t) + ω02 r(t) + kcr r(t − τ ) +  δr(t − τ ) + µ3 ṙ3 (t) + α3 r3 (t) + α5 r5 (t) = 0. (9)
For  = 0, Eq. (9) is simply a linear DDE with damping. Here, we are perturbing the linear DDE
and using the MMS approach to obtain the normal-form equations at the Hopf bifurcation points—
that is, for λ = ±jωcr . Once the transients have died out, the response will be of the following
form:
r(t) = A sin(ωcr t) + B cos(ωcr t).

(10)

The solution to Eq. (9) is assumed to be of the following form:
r(t) = r0 (T0 , T1 , T2 ) + r1 (T0 , T1 , T2 ) + 2 r2 (T0 , T1 , T2 ),

(11)

where three time scales (i.e., T0 , T1 , and T2 ) have been retained and Ti = i t, i ∈ {0, 1, 2}.
Substituting Eq. (11) into Eq. (9), collecting the coefficients of like powers of , and equating each
to zero, we obtain the following:
O(0 ) :

D02 r0 (T0 , T1 , T2 ) + 2µ̂1 D0 r0 (T0 , T1 , T2 ) + ω02 r0 (T0 , T1 , T2 ) + kcr r0 (T0 − τ, T1 , T2 ) = 0,
(12)

O(1 ) : D02 r1 (T0 , T1 , T2 ) + 2D0 D1 r0 (T0 , T1 , T2 ) + ω02 r1 (T0 , T1 , T2 ) + 2µ̂1 [D0 r1 (T0 , T1 , T2 )
+D1 r0 (T0 , T1 , T2 )] + µ3 [D0 r0 (T0 , T1 , T2 )]3 + α3 r0 (T0 , T1 , T2 )3 + α5 r0 (T0 , T1 , T2 )5
− kcr [τ D2 r0 (T0 − τ, T1 , T2 ) − r1 (T0 − τ, T1 , T2 )] + δr0 (T0 − τ, T1 , T2 ) = 0,

(13)

where Dn , ∂/∂Tn . The solution of Eq. (12) can be expressed in the following form:
r0 (T0 , T1 , T2 ) = A(T1 , T2 ) sin(ωcr T0 ) + B(T1 , T2 ) cos(ωcr T0 ).
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The functions A(T1 , T2 ) and B(T1 , T2 ) are determined by applying the solvability conditions (i.e.,
eliminating the secular terms, or the terms that cause resonance in a solution) on the next-order
approximation. Substituting Eq. (14) into Eq. (13), we obtain the following:
D02 r1 (T0 , T1 , T2 ) + ω02 r1 (T0 , T1 , T2 ) + 2µ̂1 D0 r1 (T0 , T1 , T2 ) + kcr r1 (T0 − τ, T1 , T2 )
+ P1 cos(ωcr T0 ) + P2 sin(ωcr T0 ) + P3 cos(3ωcr T0 ) + P4 sin(3ωcr T0 )
+ P5 cos(5ωcr T0 ) + P6 sin(5ωcr T0 ) = 0.

(15)

In Eq. (15), the variables Pi are given as follows:
5
P1 = α5 B 5 +
8






5
3
3
3
5
3
2
3
2
3
3
2
α5 A + α3 B + µ3 ωcr AB +
α5 A + α3 A2 B + µ3 ωcr
A3
4
4
4
8
4
4

+ 2µ̂1 D1 B + 2ωcr D1 A − (kcr τ D1 B − δB) cos(ωcr τ ) + (kcr τ D1 A − δA) sin(ωcr τ ),
(16a)
5
P2 = α5 A5 +
8





5
3
3
3
α5 B 2 + α3 A3 − µ3 ωcr
BA2 +
4
4
4





5
3
3
3
α5 B 2 + α3 B 2 A − µ3 ωcr
B3
8
4
4

+ 2µ̂1 D1 A − 2ωcr D1 B − (kcr τ D1 A − δA) cos(ωcr τ ) − (kcr τ D1 B − δB) sin(ωcr τ ),
(16b)
P3 =

5
α5 B 5 −
16





5
1
3
3
α5 A2 − α3 B 3 − µ3 ωcr
AB 2 −
8
4
4





3
15
1
3
α5 A2 + α3 A2 B + µ3 ωcr
A3 ,
16
4
4
(16c)

P4 = −

5
α5 A5 +
16





5
1
3
3
α5 B 2 − α3 A3 − µ3 ωcr
BA2 +
8
4
4





15
3
1
3
α5 B 2 + α3 B 2 A + µ3 ωcr
B3,
16
4
4
(16d)

1
5
5
α5 B 5 − α5 A2 B 3 + α5 A4 B,
16
8
16
5
1
5
P6 = α5 A5 − α5 B 2 A3 + α5 B 4 A,
16
8
16

P5 =

(16e)
(16f)

where A(T1 , T2 ) and B(T1 , T2 ) have been replaced with A and B, respectively. D1 A and D1 B can
be obtained by solving P1 = 0 and P2 = 0; the resulting expressions are lengthy and are omitted
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here for brevity. Finally, the equations to compute the time derivatives of A and B are given as
follows:
dA
∂A
=
+ O(2 ),
dt
∂T1
dB
∂B
=
+ O(2 ).
dt
∂T1

(17a)
(17b)

Here, we are limiting the analysis to the first order only as this will be sufficient for the local
bifurcation analysis. To simplify Eq. (17), we express A and B in polar coordinates:
A(T1 , T2 ) = a(t) cos(β(t)),

(18a)

B(T1 , T2 ) = a(t) sin(β(t)).

(18b)

Solving for ȧ(t) and β̇(t), we obtain the following:

1
N1 a5 + N2 a3 + N3 a ,
E

1
β̇ =
N4 a4 + N5 a2 + N6 ,
E
ȧ =

(19a)
(19b)

where a , a(t) and β , β(t) for brevity, and
N1 = 5α̂5 [kcr τ cos(ωcr τ ) − 2µ̂1 ] ,

(20a)




3
4
N2 = 6 kcr τ α̂3 cos(ωcr τ ) − µ̂3 ωcr
sin(ωcr τ ) − 2µ̂3 ωcr
− 2α̂3 µ̂1 ,

(20b)

N3 = 8δ [kcr τ + 2ωcr sin(ωcr τ ) − 2µ̂1 cos(ωcr τ )] ,

(20c)

N4 = 5α̂5 [kcr τ sin(ωcr τ ) + 2ωcr ] ,

(20d)


3
[kcr τ cos(ωcr τ ) − 2µ̂1 ] + kcr τ α̂3 sin(ωcr τ ) + 2α̂3 ωcr ,
N5 = 6 µ̂3 ωcr

(20e)

N6 = 16δ [ωcr cos(ωcr τ ) + µ̂1 sin(ωcr τ )] ,

(20f)


2 2
2
E = 32kcr τ [ωcr sin(ωcr τ ) − µ̂1 cos(ωcr τ )] + 8kcr
τ + 32 µ̂21 + ωcr
.

(20g)

We present numerical results obtained at an arbitrarily selected critical frequency (ωcr ) and stability lobe number (n); we choose ωcr = 6 rad/s and n = 1. The corresponding Hopf bifurcation
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point for the low-freeboard model is given by kcr = 8.208 s−2 and τ = 1.068 s. At the bifurcation
point, the averaged equations (normal forms) approximate the actual system response; hence, the
averaged equations are used locally for a qualitative analysis of the system. Substituting the parameters for the low-freeboard model from Table 1 into Eq. (19), we obtain the following system:

ȧ(t) = 0.385a5 (t) − 2.172a3 (t) + 0.041 (δ) a(t),

(21a)

β̇(t) = 0.591a4 (t) − 1.284a2 (t) + 0.049 (δ) .

(21b)

The numerical calculations are unstable near the bifurcation points; thus, it is highly advantageous
to analyze the fixed points (a∗ ) of Eq. (21) at the bifurcation points:


q
√
a = 0, ± 2.822 ± 7.965 − 0.107δ .
∗

(22)

We can conclude from Eq. (22) that multiple solutions exist for the system: nonzero real fixed
points (which are equivalent to limit cycles) are evident for δ < 74.4. However, for local bifurcation analysis, we impose the restriction that δ ∈ [−1, 1]. An analogous analysis can be
performed for the medium-freeboard model, where the slow-flow equations and fixed points at
kcr = 8.215 s−2 and τ = 1.069 s (again for ωcr = 6 rad/s and n = 1) are as follows:
ȧ(t) = 0.068a5 (t) − 1.350a3 (t) + 0.041 (δ) a(t),

(23a)

β̇(t) = 0.106a4 (t) − 0.260a2 (t) + 0.048 (δ) ,

(23b)



q
√
a = 0, ± 9.856 ± 97.135 − 0.605δ .
∗

(24)

Numerical results for the low- and medium-freeboard models are summarized in Figs. 3 and
4, respectively. The “dde23” solver in M ATLAB® is used to compute the time response of the
system, with absolute and relative tolerances set to 10−6 . The slow-flow equations (Eqs. (21) and
(23)) are solved by specifying initial conditions a(0) and β(0); the resulting solutions in the range
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0 ≤ t ≤ τ are then used as the history functions when solving the DDE system. Figure 3(a)
shows the response of the low-freeboard system (with delay τ = 1.068 s) for proportional gains
around the critical gain kcr = 8.208 s−2 . These results indicate the presence of a supercritical
Hopf bifurcation at kcr . For a physical interpretation, consider the dynamics of a ship around the
Hopf bifurcation point in a calm sea. In the pre-bifurcation regime (i.e., for δ < 0), the ship will
attenuate a small disturbance, such as a low-amplitude wave, and return to zero equilibrium. An
example of this is shown in Fig. 3(b) for δ = −0.5. In contrast, in the post-bifurcation regime
(i.e., for δ > 0), the ship will exhibit limit-cycle oscillations when subjected to small disturbances,
as shown in Fig. 3(c) for δ = 0.5. The results shown in Figs. 3(b) and 3(c) were generated by
simulating the system (Eq. (21)) with an initial roll amplitude of 0.2. The fixed points (a∗ ) given
by Eqs. (22) and (24) provide qualitative information about the existence of a high-amplitude limit
cycle in the pre-bifurcation regime, and both low- and high-amplitude limit cycles in the postbifurcation regime. In the next section, we use numerical methods to verify these observations via
a global bifurcation analysis. Analogous observations can be drawn from Fig. 4 for the mediumfreeboard model. Figures 3 and 4 indicate agreement between our analytical approximations using
the method of multiple scales and our numerical solutions using the “dde23” solver.

5

Global Bifurcation Analysis

In Section 4, we inferred the existence of high-amplitude limit cycles in addition to the zero equilibrium from the fixed points of the slow-flow equations (Eqs. (22) and (24)). The slow-flow
equations are only valid locally; thus, we cannot use them for a global analysis. Here, we use the
“dde23” solver to perform a global analysis, solving Eq. (9) directly. A constant roll angle is used
as the history function for r(t); the history function for ṙ(t) is zero. The amplitudes of the unstable
limit cycles are found using the bisection method. Absolute and relative tolerances are set to 10−6
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Figure 3: Numerical results for low-freeboard ship model where ωcr = 6 rad/s, n = 1, kcr =
8.208 s−2 , and τ = 1.068 s: (a) local bifurcation diagram, (b) comparison of system response
obtained using the “dde23” solver and the method of multiple scales (MMS) for δ = −0.5, and
(c) the same for δ = 0.5.

Figure 4: Numerical results for medium-freeboard ship model where ωcr = 6 rad/s, n = 1,
kcr = 8.215 s−2 , and τ = 1.069 s: (a) local bifurcation diagram, (b) comparison of system response
obtained using the “dde23” solver and the method of multiple scales (MMS) for δ = −0.5, and
(c) the same for δ = 0.5.
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Figure 5: Global bifurcation analysis for the low-freeboard model: (a) global bifurcation diagram,
(b) phase-plane diagram for δ = −1, and (c) phase-plane diagram for δ = 1.

throughout.
The global bifurcation diagrams and phase plane analysis at the Hopf bifurcation points are
shown in Fig. 5 for the low-freeboard model. The global bifurcation analyses are consistent with
the local bifurcation analyses of Section 4 in the vicinity of the Hopf bifurcation points. To interpret
the results of the global bifurcation analyses, we consider initial conditions in various regions of
the phase plane, labelled A, B, C, and D in Fig. 5(a). In the pre-bifurcation regime at A (i.e.,
where δ = −2 and the initial roll amplitude is 0.2), disturbances will die out. In contrast, if the
system begins in the region to the left of C, a disturbance will lead the system to high-amplitude
limit cycles. Moreover, since the amplitude of the limit cycle exceeds the critical roll angle, the
ship will capsize under such conditions. In the post-bifurcation regime, the system exhibits limitcycle oscillations without capsizing up to δ = 4, provided the disturbance is within the regime of
stable limit cycles (e.g., at B). For initial conditions beyond this limit (e.g., in the region to the
right of C), the system performs period-doubling capsizing limit cycles. Finally, for δ > 4 (e.g.,
at D), the system evolves directly to period-doubling capsizing limit cycles—that is, the ship will
immediately capsize upon the slightest disturbance.
Similar observations can be made for the results with the medium-freeboard model, shown in
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Figure 6: Global bifurcation analysis for the medium-freeboard model: (a) global bifurcation
diagram, (b) phase-plane diagram for δ = −1, and (c) phase-plane diagram for δ = 1.

Fig. 6. By comparison, the medium-freeboard model exhibits limit cycles of higher amplitude than
those of the low-freeboard model.

6

Forced Response using Method of Multiple Scales

The forced response of the system refers to its response under external forcing with zero initial
conditions. In this section, we analyze the dynamics of the ship when subjected to a beam sea
wave, which acts as the external forcing. For this forced response analysis, we operate the control
system at the optimal proportional gain and delay (see Section 3). The optimal proportional gain
and delay for the low-freeboard model are k̂p = 4.23 s−2 and τ = 0.87 s, and for the mediumfreeboard model are k̂p = 4.21 s−2 and τ = 0.87 s.
In practice, it is important to determine the maximum amplitude of the wave slope that a ship
can sustain when the optimal ART parameters are used. We use the method of multiple scales
(MMS) to study the response of the harmonically excited system by finding closed-form solutions.
We introduce a bookkeeping parameter , similar to that defined in Section 4. For the primary
resonance analysis, the difference between the encounter frequency ωe and the natural frequency
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ω0 is defined using a detuning parameter σ:
ωe = ω0 + σ.

(25)

For linear undamped systems, a forcing function with σ = 0 results in an unbounded response
regardless of the amplitude of the excitation. In most practical systems, the response will be
bounded as a result of damping and nonlinearity.
To apply MMS, we perturb the linear undamped system; specifically, we place the force with
nonlinearity and damping in the same order. We assume the existence of a weak nonlinearity, small
damping, and a weak but near-resonant forcing. First, we include the forcing term fˆ cos(ωe t) (refer
to Eq. (3)) in Eq. (5) and substitute µ̂1 = µ1 , µ̂3 = µ3 , α̂3 = α3 , α̂5 = α5 , k̂p = k, ρ = 0,
fˆ = f , and ωe = ω0 + σ:


r̈(t) + ω02 r(t) +  2µ1 ṙ(t) + µ3 ṙ3 (t) + α3 r3 (t) + α5 r5 (t) + kr(t − τ ) − f cos(ω0 t + σt) = 0.
(26)
To apply MMS, we define time scales Ti = i t, i ∈ {0, 1, 2} and retain the first three terms. The
solution to Eq. (26) is assumed to be of the following form:
r(t) = r0 (T0 , T1 , T2 ) + r1 (T0 , T1 , T2 ) + 2 r2 (T0 , T1 , T2 ).

(27)

Substituting Eq. (27) into Eq. (26), collecting the coefficients of like powers of , and equating
each to zero, we obtain the following:
O(0 ) :

D02 r0 (T0 , T1 , T2 ) + ω02 r0 (T0 , T1 , T2 ) = 0,

(28)

O(1 ) : D02 r1 (T0 , T1 , T2 ) + ω02 r1 (T0 , T1 , T2 ) + 2µ1 D0 r0 (T0 , T1 , T2 )
+ µ3 [D0 r0 (T0 , T1 , T2 )]3 + 2D0 D1 r0 (T0 , T1 , T2 ) + α3 r0 (T0 , T1 , T2 )3
+ α5 r0 (T0 , T1 , T2 )5 + kr0 (T0 − τ, T1 , T2 ) − f cos(ω0 T0 + σT1 ) = 0,
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O(2 ) : D02 r2 (T0 , T1 , T2 ) + ω02 r2 (T0 , T1 , T2 ) + 2D0 D1 r1 (T0 , T1 , T2 ) + 2D0 D2 r0 (T0 , T1 , T2 )
+ D12 r0 (T0 , T1 , T2 ) + 2µ1 [D0 r1 (T0 , T1 , T2 ) + D1 r0 (T0 , T1 , T2 )]
+ 3µ3 [D0 r0 (T0 , T1 , T2 )]2 [D0 r1 (T0 , T1 , T2 ) + D1 r0 (T0 , T1 , T2 )]
+ 3α3 [r0 (T0 , T1 , T2 )]2 r1 (T0 , T1 , T2 ) + 5α5 [r0 (T0 , T1 , T2 )]4 r1 (T0 , T1 , T2 )
− kτ D2 r0 (T0 − τ, T1 , T2 ) + kr1 (T0 − τ, T1 , T2 ) = 0,

(30)

where Dn , ∂/∂Tn . The solution of Eq. (28) can be expressed in the following form:
r0 (T0 , T1 , T2 ) = A(T1 , T2 ) cos(ω0 T0 ) + B(T1 , T2 ) sin(ω0 T0 ).

(31)

The functions A(T1 , T2 ) and B(T1 , T2 ) are arbitrary for this approximation and are determined by
applying the solvability conditions (i.e., eliminating the secular terms) on the next-order approximation. Substituting Eq. (31) into Eq. (29), we obtain the following:
D02 r1 (T0 , T1 , T2 ) + ω02 r1 (T0 , T1 , T2 ) + P1 cos(ω0 T0 ) + P2 sin(ω0 T0 )
+ P3 cos(3ω0 T0 ) + P4 sin(3ω0 T0 ) + P5 cos(5ω0 T0 ) + P6 sin(5ω0 T0 ) = 0.
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In Eq. (32), the variables Pi are given as follows:




5
5
5
3
3
3
2
5
2
3
3
4
2
P1 = α5 A +
α5 B + α3 A + µ3 ω0 BA +
α5 B + α3 B + k cos(ω0 τ ) A
8
4
4
4
8
4
3
+ µ3 ω03 B 3 + [2µ1 ω0 − k sin(ω0 τ )] B + 2ω0 D1 B − f cos(σT1 ),
(33a)
4




5
5
3
3
5
3
P2 = α5 B 5 +
α5 A2 + α3 B 3 − µ3 ω03 AB 2 +
α5 A4 + α3 A2 + k cos(ω0 τ ) B
8
4
4
4
8
4
3
(33b)
− µ3 ω03 A3 − [2µ1 ω0 − k sin(ω0 τ )] A − 2ω0 D1 A + f sin(σT1 ),
4




5
1
3
15
3
1
5
P3 = α5 A5 −
α5 B 2 − α3 A3 − µ3 ω03 BA2 −
α5 B 2 + α3 B 2 A + µ3 ω03 B 3 ,
16
8
4
4
16
4
4
(33c)
P4 = −

5
α5 B 5 +
16





5
1
3
α5 A2 − α3 B 3 − µ3 ω03 AB 2 +
8
4
4





15
3
1
α5 A2 + α3 A2 B + µ3 ω03 A3 ,
16
4
4
(33d)

1
5
5
α5 A5 − α5 B 2 A3 + α5 B 4 A,
16
8
16
1
5
5
P6 = α5 B 5 − α5 A2 B 3 + α5 A4 B,
16
8
16
P5 =

(33e)
(33f)

where A(T1 , T2 ) and B(T1 , T2 ) have been replaced with A and B, respectively. D1 A and D1 B can
be obtained by solving P1 = 0 and P2 = 0:



∂A
1 
=
5α5 B 5 + 10α5 A2 + 6α3 B 3 − 6µ3 ω03 AB 2 + 5α5 A4 + 6α3 A2 + 8k cos(ω0 τ ) B
∂T1
16ω0
−6µ3 ω03 A3 − [16µ1 ω0 − 8k sin(ω0 τ )] A + 8f sin(σT1 ) ,

(34a)




−1 
∂B
=
5α5 A5 + 10α5 B 2 + 6α3 A3 + 6µ3 ω03 BA2 + 5α5 B 4 + 6α3 B 2 + 8k cos(ω0 τ ) A
∂T1
16ω0
+6µ3 ω03 B 3 + [16µ1 ω0 − 8k sin(ω0 τ )] B − 8f cos(σT1 ) .

(34b)

The particular solution of Eq. (32) can be assumed to be of the following form:
r1 (T0 , T1 , T2 ) = Q1 cos(3ω0 T0 ) + Q2 sin(3ω0 T0 ) + Q3 cos(5ω0 T0 ) + Q4 sin(5ω0 T0 ),

(35)

where Qi , Qi (T1 , T2 ). Substituting Eq. (35) into Eq. (32) and equating the coefficients of sine
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and cosine to zero, we obtain the following expressions for each Qi :
Q1 =




1 
5α5 A5 − 10α5 B 2 − 4α3 A3 − 12µ3 ω03 BA2 − 15α5 B 2 + 12α3 B 2 A + 4µ3 ω03 B 3 ,
2
128ω0
(36a)

Q2 =




−1 
5α5 B 5 − 10α5 A2 − 4α3 B 3 + 12µ3 ω03 AB 2 − 15α5 A2 + 12α3 A2 B − 4µ3 ω03 A3 ,
2
128ω0
(36b)


α5 A
5B 4 − 10A2 B 2 + A4 ,
2
384ω0

α5 B
4
2 2
4
Q4 =
5A
−
10B
A
+
B
.
384ω02
Q3 =

(36c)
(36d)

Substituting Eqs. (31) and (35) into Eq. (30), setting the secular terms to zero, and solving the resulting equations, we obtain ∂A/∂T2 and ∂B/∂T2 . These expressions are lengthy and are omitted
here for brevity. The above procedure can be continued down to any desired order.
The equations to compute the time derivatives of A and B are given as follows:
∂A
∂A
dA
=
+ 2
+ O(3 ),
dt
∂T1
∂T2
dB
∂B
∂B
=
+ 2
+ O(3 ).
dt
∂T1
∂T2

(37a)
(37b)

To simplify Eq. (37), we express A and B in polar coordinates:
A(T1 , T2 ) = a(t) sin(β(t)),

(38a)

B(T1 , T2 ) = a(t) cos(β(t)).

(38b)

Solving for ȧ(t) and β̇(t), we obtain the following:
1
fˆ
3
ȧ = − µ̂3 ω02 a3 + k̂p sin(ω0 τ )a − µ̂1 a +
cos(σT1 − β) + O(2 ),
8
2
2ω0
!
ˆ
1
5
3
f
β̇ =
α̂5 a4 + α̂3 a2 + k̂p cos(ω0 τ ) + sin(σT1 − β) + O(2 ),
2ω0 8
4
a
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where a , a(t) and β , β(t) for brevity. Defining γ , σT1 − β, we have the following:
fˆ
3
1
ȧ = − µ̂3 ω02 a3 + k̂p sin(ω0 τ )a − µ̂1 a +
cos(γ),
8
2
2ω0


5
3
1
5
3
ˆ
α̂5 a + α̂3 a + k̂p cos(ω0 τ )a + f sin(γ) .
aγ̇ = σa −
2ω0 8
4

(40a)
(40b)

The steady-state response corresponds to ȧ = γ̇ = 0:
fˆ
3
1
− µ̂3 ω02 a3 + k̂p sin(ω0 τ )a − µ̂1 a +
cos(γ) = 0,
8
2
2ω0


1
5
3
5
3
ˆ
σa −
α̂5 a + α̂3 a + k̂p cos(ω0 τ )a + f sin(γ) = 0.
2ω0 8
4

(41a)
(41b)

Finally, the frequency response equation is obtained upon eliminating γ:

 2 a2 
2
a2 3µ̂3 ω03 a2 − 4k̂p sin(ω0 τ ) + 8µ̂1 ω0 +
5α̂5 a4 + 6α̂3 a2 + 8k̂p cos(ω0 τ ) − 16ω0 σ
4
− 16fˆ2 = 0.

(42)

We have presented the derivation for only the first-order approximation. The expressions are
too lengthy to include here, but results will be presented for up to the second-order approximation.
The MMS method provides reliable results at low amplitudes but not at high amplitudes; highamplitude responses are analyzed using the harmonic balance method, which we present in the
next section. To identify stable and unstable fixed points, we first use the spectral Tau method [36]
to convert the DDE into a set of ordinary differential equations (ODEs), then apply Floquet theory.

7

Forced Response using Harmonic Balance

The harmonic balance method can be used to study the steady-state response of a nonlinear system
by assuming a solution up to a finite number of harmonics [34]. An assumed solution is substituted
into the equations governing the dynamics of the system; the equations are then solved for the
unknown amplitudes by equating the coefficient of each harmonic to zero. This technique can
Shaik et al.

25

CND-21-1273

often provide an accurate approximation of the solution even if only a few harmonics are used.
Here, we proceed with a simple two-term approximation with a single harmonic:
r0 (t) = A cos(ωe t) + B sin(ωe t).

(43)

Substituting Eq. (43) into Eq. (26) and separating the coefficients of cos(ωe t) and sin(ωe t), we
obtain the following:



5
5
3
3
5
5
2
3
3
2
α̂5 A +
α̂5 B + α̂3 A + µ̂3 ωe BA +
α̂5 B 4 +
8
4
4
4
8
3
4
+ µ̂3 ωe3 B 3 + [2µ̂1 ωe − k sin(ωe τ )] B − F ωe = 0,
4
5



5
3
3
5
5
5
2
3
3
2
α̂5 B +
α̂5 A + α̂3 B − µ̂3 ωe AB +
α̂5 A4 +
8
4
4
4
8
3
− µ̂3 ωe3 A3 − [2µ̂1 ωe − k sin(ωe τ )] A = 0.
4


3
2
2
2
α̂3 B + ω0 − ωe + k cos(ωe τ ) A
4
(44a)

3
2
2
2
α̂3 A + ω0 − ωe + k cos(ωe τ ) B
4
(44b)

We use the pseudo-arc-length continuation method [10] to solve Eq. (44) for A and B. Next, we
express r0 (t) from Eq. (43) in polar form:
r0 (t) = R cos(ωe t − φ),
where R =

√

(45)

A2 + B 2 and φ = arctan(B, A). We perturb the steady-state solution from r0 (t)

(i.e., we let r(t) = r0 (t) + δ(t)) to determine whether the system behaviour is stable or unstable in
response to a disturbance. Linearizing Eq. (26) around r0 (t), we have the following:




δ̈(t) + 2µ̂1 + 3µ̂3 ṙ02 (t) δ̇(t) + 5α̂5 r04 (t) + 3α̂3 r02 (t) + ω02 δ(t) + kδ(t − τ ) = 0.

(46)

Equation (46) is a linear second-order DDE with periodic coefficients. We convert Eq. (46) into
a set of ODEs with periodic coefficients using the spectral Tau method. We then apply Floquet
theory with a period of π/ωe to determine the nature of the limit cycle. This procedure has been
described in Appendices A and B; additional details can be found in the literature [35].
The global bifurcation diagrams in the plane of the excitation amplitude (a∗ ) and excitation
frequency (σ) are shown for the low- and medium-freeboard models in Fig. 7. Three wave slopes
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(F ) are considered in each case. The “dde23” solver in M ATLAB® is used to solve Eq. (26) to
obtain the time response of the forced system, with absolute and relative tolerances set to 10−6 .
Zero displacement and zero velocity are used as the history functions. The maximum amplitude
of the steady-state response obtained from the “dde23” solution in each condition is indicated by
circles in Fig. 7. The implicit function given by Eq. (42) is solved to obtain the MMS response,
shown as triangles in Fig. 7. The steady-state amplitudes obtained using the MMS approach agree
with those obtained from the “dde23” solution at low wave slopes. The amplitudes calculated
from the harmonic balance method (Eq. (45)) are shown as solid blue lines (stable limit cycles)
and red dots (unstable limit cycles) in Fig. 7. The stability of the limit cycles is determined from
Eq. (46) following application of the spectral Tau method and Floquet theory. In contrast to the
MMS approach, the harmonic balance method agrees with the “dde23” solution even at higher
wave slopes. As can be seen in Fig. 7 for both ship models, the peaks in the relative roll motion
shift toward lower frequencies as the wave slope increases.
The forced responses of the low- and medium-freeboard models with and without an ART are
shown in Fig. 8. As illustrated, the proposed ART control system effectively reduces peak roll
amplitudes. Figure 9 compares the forced response of the system when the optimal proportional
gain is used but where the delay (τ ) and wave slope (F ) vary. We observe that the optimal delay
found previously (τ = 0.87 s) outperforms delays of τ = 0.7 s and τ = 1 s. Thus, we verify that
linear stability analysis and the spectral Tau method can be used to obtain the optimal proportional
gain and delay parameters for the controller, which may be preferable to a trial-and-error-based
approach.
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Figure 7: Global bifurcation diagram in the plane of the excitation amplitude a∗ and excitation
frequency σ for (a) low-freeboard and (b) medium-freeboard models. Circles: “dde23” solution;
triangles: MMS approach; solid blue lines and red dots: respectively, stable and unstable limit
cycles from harmonic balance method; φcr : critical roll angle, or maximum static roll angle before
capsizing.
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Figure 8: Global bifurcation diagrams in the plane of the excitation amplitude a∗ and excitation
frequency σ with and without ART for different wave slope F , generated using the harmonic
balance method: (a–c) low-freeboard and (d–f) medium-freeboard models. Solid blue lines and
red dots: respectively, stable and unstable limit cycles without ART; dashed black lines: stable
limit cycles with ART.
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Figure 9: Global bifurcation diagrams in the plane of the excitation amplitude a∗ and excitation
frequency σ for different wave slope F and delay τ , generated using the harmonic balance method:
(a–c) low-freeboard and (d–f) medium-freeboard models. Solid green lines, dashed black lines, and
dash-dotted blue lines: stable limit cycles for τ = 0.7 s, τ = 0.87 s, and τ = 1 s, respectively; red
dots: unstable limit cycles.
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8

Conclusions

A dynamic analysis has been performed for a harmonically excited single-degree-of-freedom system with cubic and quintic nonlinearities and a proportional-gain controller with constant delay.
This system represents the roll dynamics of a ship under control of an active U-tube anti-roll tank.
The delay in this system manifests from the time required to pump fluid between tanks on the port
side and starboard side of the ship, the inertia associated with large impellers and linkages, and the
sensing and processing time of the controller. Linear stability analysis and the spectral Tau method
were used to obtain the optimal proportional gain and delay in closed form, which offers clear
benefits over traditional trial-and-error and optimization strategies. These analyses were shown
to be effective for low- and medium-freeboard ship models but not a high-freeboard model as the
latter did not have a region of zero equilibrium within the operating region. We concluded from the
linear stability analysis that derivative control is always detrimental for this system. Closed-form
solutions were obtained at the supercritical Hopf bifurcation points using the method of multiple scales in a local bifurcation analysis. A global bifurcation analysis revealed the existence of
high-amplitude limit cycles along with a stable zero equilibrium in the pre-bifurcation regime, and
period-doubling limit-cycle oscillations in the post-bifurcation regime.
The response of the harmonically excited system with optimal proportional-gain and delay
control parameters was studied. The delayed proportional controller prevented the ship from undergoing high-amplitude period-doubling oscillations (capsizing limit cycles) at high wave slopes.
The method of multiple scales was used to obtain closed-form solutions at low wave slopes; the
harmonic balance approach was used for higher wave slopes. The spectral Tau method and Floquet theory were applied to distinguish between stable and unstable limit cycles. The presented
analytical results were verified by direct numerical simulations.
The key findings of this study are twofold. First, our free-vibration analysis revealed the exis-
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tence of multiple solutions. Notably, a large-amplitude limit cycle can be reached if a sufficiently
large disturbance is encountered, such as from a rogue wave, even in the pre-bifurcation regime
(i.e., for δ < 0 in Figs. 5 and 6). The second key finding is that smaller control delay τ is not
always better: in some cases, reducing τ will reduce the maximum gain for which the system will
be stable (see Fig. 2). Thus, in practice, it may be necessary to tune the gains as well as the delay of
the controller. The analyses presented in this work can be applied to determine control parameters
and the power requirements for pumps in active anti-roll tanks. Directions for future work include
identifying optimal control parameters for the high-freeboard ship model, studying double Hopf
h
i
bifurcation points in the k̂p , τ space, and experimentally validating the efficacy of the computed
parameters at controlling the parametric resonance of ships.
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A

Spectral Tau Method

Consider a delay differential equation with a time-periodic coefficient and a constant delay τ :
ẋ(t) = a(t)x(t) + cx(t − τ ),

(47)

where a(t+T ) = a(t) and c ∈ R. We define the transformation y(s, t) = x(t+s) with −τ ≤ s ≤ 0,
whereupon the initial-value problem is converted into the following boundary-value problem:
∂y(s, t)
∂y(s, t)
=
,
∂t
∂s
∂y(s, t)
= a(t)y(0, t) + cy(−τ, t),
∂t
s=0

(48)
(49)

y(s, 0) = γ(s),

(50)

where γ(s) is the history function. The solution to the partial differential equation (Eq. (48)) is
assumed to be of the following form:
y(s, t) =

∞
X

θi (s)ηi (t),

(51)

i=1

where θi (s) are the basis functions. We truncate the infinite series in Eq. (51) to N terms:
y(s, t) = θ T(s)η(t),

(52)

where θ(s) = [θ1 (s), θ2 (s), . . . , θN (s)]T and η(t) = [η1 (t), η2 (t), . . . , ηN (t)]T . Upon substituting
Eq. (52) into Eq. (48), we obtain the following:
T

θ T(s)η̇(t) = (θ 0 (s)) η(t),
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where η̇(t) , dη(t)/dt and θ 0 (s) , dθ(s)/ds. Premultiplying Eq. (53) by θ(s) and integrating
over the domain, we obtain the following equation in matrix form:
Aη̇(t) = Bη(t),
where A =

R0
−τ

θ(s)θ T(s) ds and B =

R0
−τ

(54)

T

θ(s) (θ 0 (s)) ds. Substituting Eq. (52) into Eq. (49),

we have
θ T(0)η̇(t) = a(t)θ T(0)η(t) + cθ T(−τ )η(t).

(55)

In total, Eqs. (54) and (55) comprise N + 1 equations. To form a determinate system, we replace
the last row in Eq. (54) with Eq. (55):
Mη̇(t) = Kη(t),
where matrices M and K are given as follows:




B̄


 Ā 
K=
M=
.
,
T
T
T
a(t)θ (0) + cθ (−τ )
θ (0)

(56)

(57)

In Eq. (57), Ā and B̄ are the first N − 1 rows of A and B from Eq. (54). Equation (56) can be
rewritten as follows:
η̇(t) = F(t)η(t),

(58)

where F(t) = M−1 K is time-periodic with period T . Initial conditions for solving Eq. (58) are
obtained from Eqs. (50) and (52) at t = 0:
η(0) = M

−1

Z

0

θ T(s)γ(s) ds.

(59)

−τ

Equations (58) and (59) can then be solved numerically to obtain the time response of the system
(Eq. (47)).
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A.1

Stability analysis

The stability of the system described by Eq. (58) can be determined by analyzing F(t). If a(t) is not
a periodic coefficient (i.e., it is simply a real number), then the eigenvalues of matrix F determine
the system’s stability. If F(t) is time-periodic (i.e., F(t + T ) = F(t)), then we use Floquet theory
(specifically, the eigenvalues of the Floquet transition matrix) to determine the stability of the
system. The Floquet transition matrix Φ(T ) is defined as follows:
η(T ) = Φ(T )η(0).

(60)

If all eigenvalues of Φ(T ) have magnitude less than 1, then the system is stable; otherwise, it is
unstable. The Floquet transition matrix can be calculated by solving the following initial-value
problem, integrating to time t = T :
Φ̇(t) = F(t)Φ(t),

(61)

with initial condition Φ(0) = I.

A.2

Basis functions

Various basis functions have been explored in the literature, including the mixed Fourier basis

θ(s) = 1, s, sin

 πs 
τ


, sin

2πs
τ

T


,...,

,

(62)

shifted Legendre polynomials
θ1 (s) = 1,

(63a)

2s
,
τ
(2i − 3) θ2 (s)θi−1 (s) − (i − 2) θi−2 (s)
θi (s) =
,
i−1

θ2 (s) = 1 +
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and shifted Chebyshev polynomials
θ1 (s) = 1,

(64a)

θ2 (s) = 1 +

2s
,
τ

(64b)

θi (s) = 2θ2 (s)θi−1 (s) − θi−2 (s),

i ≥ 3.

(64c)

We use shifted Legendre polynomials as, with these basis functions, the mass and stiffness matrices
in Eq. (54) can be simplified:
τ
δij ,
2i − 1





0 if i ≥ j




Bij = 2 if i < j and i + j is odd ,







0 if i < j and i + j is even
Aij =

(65a)

(65b)

for i, j = 1, 2, . . . , N .

B

Pseudo-Arclength Continuation

Consider the following nonlinear algebraic equation:
f (x, α) = 0,

(66)

where f : RN +1 → RN , x ∈ RN , and α ∈ R. In other continuation techniques, parameter
α is continued to solve the system; however, in the pseudo-arclength continuation method, the
parameter itself depends on the arclength s, and s is continued to solve the system:
f (x(s), α(s), s) = 0.
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T
If two points (xT
0 , α0 ) and (x1 , α1 ) are known, as well as a tangent vector t0 , then we can use the

total derivative of Eq. (67) to compute the tangent of the next iteration (t1 ):
 


ẋ1 

fx fα   = 0,
α̇1 

(68)

where fx = ∂f /∂x, fα = ∂f /∂α, ẋi = dxi /ds, and α̇i = dαi /ds. The solution is then searched in
the plane orthogonal to the tangent t1 . The tangent predictor is defined as follows:
x2 = x1 + ẋ1 ∆s,

(69a)

α2 = α1 + α̇1 ∆s.

(69b)

XT t1 = 0,

(70)

The orthogonality condition is given by

where X =




 x − x2 


α − α2 


and t1 =

 

ẋ1 


. Solving Eq. (70) using Eqs. (68) and (69), we obtain


α̇1 


the following condition:
(x − x1 ) ẋ1 + (α − α1 ) α̇1 − ∆s = 0.

(71)

Finally, Eqs. (67) and (71) form a system of N + 1 equations, which can be solved using Newton–
Raphson iteration upon selecting a small (arbitrary) value for ∆s; the Jacobian for this system
is





 fx fα 
J =
.
ẋ1 α̇1
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