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controller to represent the torque generated by muscle activity.
Stability boundaries were computed analytically. Insperger et
al. found that the PDA controller resulted in a greater stability
margin than the PD controller and was able to stabilize systems
with larger feedback delays. Balogh et al. [14] investigated
the stability of an inverted pendulum with a detuned PDA
controller—that is, where the proportional, derivative, and ac-
celeration feedback signals have different delays. They found
that detuning the controller can improve stability, increasing
the maximum tolerable feedback delay. Zelei et al. [15] used
an inverted pendulum model with delayed state feedback,
complemented with experiments, to study the response of the
body to perturbations during quiet stance. They found that
the experimentally observed response to a large perturbation
is an optimal compromise between the speed of recovery and
robustness to the perturbation. Milton et al. [16] used an exper-
imental approach to study an inverted pendulum with delayed
state feedback, stressing the importance of considering time
delays in the study of human balance. Several studies have
investigated balance specifically in individuals with movement
disorders, including individuals with spinal cord injury [17],
paraplegia [18], and stroke [19].

Time-delay systems are systems whose state derivatives
depend explicitly on past states. The dynamics of such systems
are governed by delay differential equations (DDEs), which
can pose analytical challenges due to their nonlinear behaviour.
One approach to analyzing DDE systems is to first convert
them into a system of partial differential equations (PDEs),
then use Galerkin projection to approximate the PDE system
as a system of ordinary differential equations (ODEs). The
resulting ODE system can then be analyzed using traditional
methods. Vyasarayani [20], [21] used this strategy to study
neutral and higher-order DDEs. Kandala et al. used Galerkin
approximation to perform pole placement for second-order
DDEs [22], [23] and to obtain the characteristic roots of
DDE systems [24]. Ahsan et al. [25] presented a strategy to
embed the boundary conditions into the PDE; the resulting
PDE is free of separate boundary conditions and can be
approximated using Galerkin projection. DDEs with time-
periodic coefficients and time-periodic delays were studied by
Sadath and Vyasarayani [26] and Ahsan et al. [27]. These
theoretical developments were applied by Ahsan et al. [28] to
study single- and double-pendulum models of human balance.
Ahsan et al. found that PDA feedback generally results in
larger stability margins than PD control, with some exceptions.

The stability of time-delay systems is especially pertinent to
the development of exoskeletons for preventing falls in elderly
individuals. Exoskeletons can deliver assistive torques to the
body to compensate for the decreases in muscle strength [29]
and increases in muscle reflex delays [30] observed in elderly
individuals. For example, Kong and Jeon [31] presented an
exoskeleton that provides assistance at the hip, knee, and ankle
joints. Time delays due to sensing, computing, actuation, and
force transmission is a challenge in the control of lower-
limb exoskeletons. Ding et al. [32] proposed a strategy to
control a walking-assist exoskeleton that avoids time delays
by anticipating the ground reaction forces and thus predicting
the progression through the gait cycle. Farkhatdinov et al. [33]

demonstrated that a lower-limb exoskeleton can potentially
increase muscle activity during quiet stance as the wearer
reacts to the application of the assistive torques. This result
highlights the importance of considering time delays in the
controller design as well as the complex interaction between
the biological and mechatronic systems.

In this work, we investigate the stability of human bal-
ance during quiet stance when assisted by an exoskeleton
at the ankle. We use a single inverted pendulum model and
consider physiological time delays as well as time delays
in the exoskeleton controller. We use the Galerkin approx-
imation method with Lagrange multipliers for imposing the
boundary conditions and verify our numerical results through
comparison to previous studies. This technique is then applied
to a biomechanical model of stance in the sagittal plane,
where an actuator at the ankle is used to generate the active
torques that are applied by all muscles crossing the joint.
Muscle activity is assumed to depend on the angle and angular
velocity of the ankle joint [34], [35]. The stability of the
unassisted human model is analyzed considering muscle reflex
time delays. We then add a PD controller with state feedback
delay to model the torques applied by an idealized exoskeleton,
considering a unique time delay for the exoskeleton, and assess
the stability of the assisted human model. The efficacy of PD-
controlled exoskeletons has been demonstrated in experiments
on maintaining human balance following a perturbation [18].
We demonstrate that smaller exoskeleton time delays result
in larger regions of stability in parameter space, indicating
a greater ability to maintain human balance. However, our
results indicate that smaller physiological time delays do not
necessarily lead to larger stability regions.

II. METHODS

The inverted pendulum model of quiet stance and the
Galerkin approximation method are presented in Sections II-A
and II-B, respectively. In Section II-C, we add muscles to
the inverted pendulum model to include the dependence of
muscle moments on the angle and angular velocity of the ankle
joint. An idealized exoskeleton under PD control with delayed
feedback is added to the model in Section II-D.

A. Inverted Pendulum Model of Quiet Stance

The inverted pendulum model is shown in Fig. 1 and is
governed by the following second-order neutral DDE:

θ̈(t) + αθ̇(t) + βθ(t) = Kpbθ(t− τb) +Kdbθ̇(t− τb)

+Kabθ̈(t− τb), (1)

where θ(t) is the angle of the pendulum relative to vertical,
τb is the delay of the biological system, and the gains of a
generic PDA controller are Kpb, Kdb, and Kab. Parameters
α = 1

J bt and β = 1
J (mgℓ− kt), where m and ℓ are the mass

and length of the pendulum, J is the inertia of the pendulum
about the ankle joint, g is the gravitational acceleration, and
the passive ankle torques applied by the muscles and other
biological structures are represented by a torsional spring of
stiffness kt and a torsional dashpot with damping coefficient
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Fig. 1. Single inverted pendulum model of quiet stance in the sagittal plane.

bt. We define state variables z1(t) = θ(t) and z2(t) = θ̇(t),
and write (1) in state-space form as follows:

ż1(t) = f1(t) = z2(t), (2a)
ż2(t) = f2(t) =− βz1(t)− αz2(t) +Kpbz1(t− τb)

+Kdbz2(t− τb) +Kabż2(t− τb). (2b)

B. Galerkin Projection

We use the Galerkin approximation method with Lagrange
multipliers to impose the boundary conditions. We begin by
introducing the following transformation assuming a minimal
set of independent generalized coordinates [20]:

yi(s, t) = zi(s+ t), i = 1, 2, (3)

where
yi(s, t) = ϕT(s)ai(t), i = 1, 2. (4)

In (4), ϕ(s) = [ϕ1(s), ϕ2(s), . . . , ϕN (s)]
T are the basis func-

tions, N is the number of modes retained in the Galerkin
approximation, and ai(t) are the time-dependent coordinates.
In this work, we use shifted Legendre polynomials as basis
functions, which have been shown to have good convergence
properties in this context [28]. As shown by Vyasarayani [20],
it follows from (3) that

∂yi(s, t)

∂t
=

∂yi(s, t)

∂s
, i = 1, 2. (5)

Substituting (5) into (2), we obtain the following:

∂y1(0, t)

∂t
= z2(t), (6a)

∂y2(0, t)

∂t
=− βz1(t)− αz2(t) +Kpbz1(t− τb)

+Kdbz2(t− τb) +Kabż2(t− τb). (6b)

We now impose the velocity constraints by introducing La-
grange multipliers into (5):

∂yi(s, t)

∂t
=

∂yi(s, t)

∂s
+ δ(s)γi(t), i = 1, 2, (7)

where δ(s) is the Dirac delta function and γi(t) are the
Lagrange multipliers. Multiplying both sides of (7) by ϕ(s)
and integrating over the domain s ∈ [−τb, 0) results in the
following:

Miȧi(t) = Kiai(t) + ϕ(0)γi(t), i = 1, 2, (8)

where M1 = M2 = M and K1 = K2 = K are defined as

M =

∫ 0

−τb

ϕ(s)ϕT(s) ds, K =

∫ 0

−τb

ϕ(s) (ϕ′(s))
T
ds. (9)

The Lagrange multipliers can be computed as follows [20]:

γi(t) =
fi
c3

− c2
c3

ai(t), i = 1, 2, (10)

where c2 = ϕT(0)M−1K and c3 = ϕT(0)M−1ϕ(0). Thus,
fi(t) are defined as follows, using the Galerkin projection:

f1(t) = z2(t) = ϕT(0)a2(t), (11a)

f2(t) =− βϕT(0)a1(t)− αϕT(0)a2(t)

+Kpbϕ
T(−τb)a1(t) +Kdbϕ

T(−τb)a2(t)

+Kabϕ
T(−τb)ȧ2(t). (11b)

Note that (5) can be used to write the last term in (11b) as
Kab (ϕ

′(−τb))
T
a2(t).

To obtain a system of ODEs, we proceed by first defining
new variables

r1 = −βϕT(0) +Kpbϕ
T(−τb), (12a)

r2 = −αϕT(0) +Kdbϕ
T(−τb) +Kab (ϕ

′(−τb))
T
. (12b)

Upon substituting all obtained variables into (8), we obtain the
following:

Mȧ1(t) = (K +X1) a1(t) +X2a2(t), (13a)
Mȧ2(t) = X3a1(t) + (K +X4) a2(t), (13b)

where

X1 = −ϕ(0)ϕT(0)M−1K

c3
, X2 =

ϕ(0)ϕT(0)

c3
, (14a)

X3 =
ϕ(0)r1
c3

, X4 =
ϕ(0)r2
c3

− ϕ(0)ϕT(0)M−1K

c3
. (14b)

Finally, we multiply (13) by M−1 and write in matrix form
as follows:

ȧ(t) = La(t), (15)

where a(t) = [a1(t), a2(t)]
T and L is defined as

L =

[
M−1 (K +X1) M−1X2

M−1X3 M−1 (K +X4)

]
. (16)

Equation (15) is a system of first-order ODEs whose solution
approximates the solution of the original neutral DDE (1). The
approximation improves as the number of modes retained in
the Galerkin approximation (N ) increases. The original system
(1) is stable when all eigenvalues of L have a negative real
part. Stability charts can be obtained by repeating this analysis
over a range of system parameters.
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C. Biomechanical Model

We augment the inverted pendulum model (Fig. 1) by
introducing the following torque at the ankle joint to represent
the total moment generated by the muscles:

T (u(t), θ(t), ω(t)) = u(t)Tθ(θ(t))Tω(ω(t)), (17)

where ω(t) = θ̇(t) and −1 ≤ u(t) ≤ 1 is the activation,
with positive and negative values representing activation of the
plantarflexor and dorsiflexor muscles, respectively. Moments
due to passive muscle forces are assumed to be negligible over
the range of motion explored in this study. We assume u(t) is
of the following form:

u(t) = K̄pbθ(t− τb) + K̄dbω(t− τb), (18)

where K̄pb and K̄db are, respectively, the proportional and
derivative control gains of the biological system and τb is the
reflex delay. The equation of motion is

Jω̇(t)−mgℓθ(t) =− u(t)TP
θ (θ(t))TP

ω (ω(t))

+ u(t)TD
θ (θ(t))TD

ω (ω(t)), (19)

where m = 60 kg, ℓ = 1 m, and J = 60 kg · m2 are
obtained from the literature [12], [28]. Superscripts P and
D in (19) indicate the components of the torques generated
by the plantarflexor and dorsiflexor muscles, respectively.
The functions TP

θ (θ(t)) and TD
θ (θ(t)) are obtained by fit-

ting polynomials to the curves reported by Ashby [34] over
the relevant physiological range of ±8◦ from vertical (i.e.,
|θ(t)| ≤ 0.14 rad in Fig. 1) [36]:

TP
θ (θ(t)) = −1100.60θ2(t) + 28.25θ(t) + 404.72, (20a)

TD
θ (θ(t)) = −191.30θ2(t)− 107.97θ(t) + 91.12, (20b)

where θ(t) is expressed in radians. The function TP
ω (ω(t)) is

defined by linearizing the relation proposed by Ashby [34]:

TP
ω (ω(t)) =


0, if ω(t) > 16

1 + 0.095ω(t), if − 5.7 ≤ ω(t) ≤ 16

1.5, otherwise
,

(21)
where ω(t) is expressed in rad/s. Assuming ω(t) remains
small during quiet stance [37], we can further simplify (21)
as follows:

TP
ω (ω(t)) ≈ 1 + 0.095ω(t), (22a)

TD
ω (ω(t)) ≈ 1− 0.095ω(t). (22b)

Substituting (18), (20), and (22) into (19) and dropping higher-
order terms, we obtain the following equation of motion:

ω̇(t) = Eθ(t)−Kpbθ(t− τb)−Kdbω(t− τb), (23)

where E = mgℓ/J , Kpb = 313.60K̄pb/J , and Kdb =
313.60K̄db/J . In state-space form, we have

f1(t) = z2(t), (24a)
f2(t) = Ez1(t)−Kpbz1(t− τb)−Kdbz2(t− τb). (24b)

For this system, the boundary conditions are imposed in the
Galerkin approximation by defining

r1 = EϕT(0)−Kpbϕ
T(−τb), (25a)

r2 = −Kdbϕ
T(−τb). (25b)

As described in Section II-B, we determine the stability of
the system by computing the eigenvalues of matrix L (16).
To determine a suitable value for N , we substitute θ(t) = eλt

into (23) to obtain the characteristic function

−λ2 +
mgℓ

J
− Kpb

eλτb
− Kdbλ

eλτb
= 0, (26)

which we use to compute the error in the Galerkin approxi-
mation.

D. Exoskeleton Model

The exoskeleton is assumed to generate torques using a PD
control law with delayed feedback of the angle and angular
velocity of the ankle joint. The feedback delay is assumed to
be different from the biological reflex delay. The exoskeleton
is idealized in that it applies torques directly to the ankle joint
and it is assumed to be massless. (One may also consider
its mass and inertia to be lumped into the inverted pendulum
model.) We obtain the following equation of motion for the
system with exoskeleton assistance:

ω̇(t) = Eθ(t)−Kpbθ(t− τb)−Kdbω(t− τb)

− Kpeθ(t− τe)

J
− Kdeω(t− τe)

J
, (27)

where Kpe and Kde are, respectively, the proportional and
derivative control gains of the exoskeleton and τe is the
exoskeleton feedback delay, which includes the time required
to measure the feedback signals, the computation time, and
the response time of the actuators.

III. RESULTS

We first use the inverted pendulum model defined in Sec-
tion II-A to verify convergence of our Galerkin approximation
where boundary conditions are imposed via the Lagrange
multiplier method. We then consider the biomechanical model
and determine the stability of the unassisted system in the
space of the reflex control gains (Kpb and Kdb). Next, we
explore the stability of the assisted system as the exoskeleton
control gains (Kpe and Kde) vary. Finally, we study the
stability of the system over a range of delays in the biological
system and exoskeleton (τb and τe).

A. Model Verification

The stability chart for the inverted pendulum model is
shown in Fig. 2 in the parameter space of Kpb and Kdb, with
Kab = 54. Good agreement between our Galerkin approxi-
mation and the analytical solution of Insperger et al. [12] is
found when at least N = 7 modes are retained in the Galerkin
approximation. Comparison of the rightmost eigenvalues with
those reported by Ahsan et al. [28] (Table I) reveals only
small differences which can be attributed to differences in the
strategy used to impose the boundary conditions.
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TABLE I
COMPARISON OF THE RIGHTMOST EIGENVALUES OF THE INVERTED PENDULUM MODEL USING OUR GALERKIN APPROXIMATION WITH THOSE

REPORTED BY AHSAN et al. [28]

Parameter
Result

Rightmost Eigenvalues
Kpb Kdb N = 3 N = 5 N = 7 N = 9

1764 600
Ahsan et al. 0.69± 11.71j 0.70± 11.21j 0.70± 11.21j —
Section II-B −1.42± 11.49j 0.72± 11.17j 0.69± 11.21j 0.69± 11.21j

2940 600
Ahsan et al. 0.55± 10.37j 0.65± 10.01j 0.65± 10.01j —
Section II-B −1.22± 9.09j 0.68± 9.98j 0.64± 10.00j 0.64± 10.00j

3528 600
Ahsan et al. 0.94± 9.58j 1.03± 9.35j 1.03± 9.35j —
Section II-B −0.03± 8.62j 1.04± 9.32j 1.02± 9.33j 1.02± 9.33j

Fig. 2. Stability chart for the inverted pendulum model using our Galerkin
approximation (blue circles and red dots) and the analytical solution of
Insperger et al. [12] (blue and red lines).

B. Biomechanical Model Without Assistance

We performed a convergence analysis by setting Kpb =
2.13, Kdb = 0.69, and τb = 0.2 s in (23) and substituting
the rightmost eigenvalue (λ) into (26). The magnitude of the
error is shown in Fig. 3(a). As shown, convergence is reached
for N = 10 modes in the Galerkin approximation; however,
to accommodate potential changes in system behaviour for
different control gains and time delays, we use N = 14 modes
in all remaining analyses.

The stability chart for the unassisted biomechanical model
is shown in Fig. 3(b), again using reflex delay τb = 0.2 s.
Regions with larger stability margins (i.e., where the right-
most eigenvalues are further away from the imaginary axis)
are darker; unstable regions are white. Good agreement is
observed between the results obtained using our Galerkin
approximation and the analytical stability boundary [12]. Note,
however, that the Galerkin approximation method can be used
to determine the region of stability as well as the stability
margin at each point in the stable region. In the following
sections, we consider the four points labelled in Fig. 3(b).
Point P0 = (2.13, 0.69) indicates the pair of biological reflex
control gains resulting in the largest stability margin. The other
three points represent scenarios in which the human model is
unstable when unassisted: P1 = (1.8, 1.0), P2 = (3.5, 1.6),
and P3 = (3.5, 0.4).

Fig. 3. Stability analysis of the unassisted biomechanical model with reflex
delay τb = 0.2 s: (a) convergence of the Galerkin approximation with
Kpb = 2.13 and Kdb = 0.69; (b) stability chart. In panel (b), the scale
and shading indicate the real part of the rightmost eigenvalue; the black line
is the analytical solution of the stability boundary reported by Insperger et
al. [12].

C. Effect of Exoskeleton Gains on Stability

The stability of the assisted biomechanical model is shown
in Fig. 4 for three exoskeleton feedback delays (τe), using
reflex gains P0 and delay τb = 0.2 s. We confirm that the
system is stable for Kpe = Kde = 0 since the unassisted
biomechanical system is stable at point P0 (Fig. 3(b)). We
observe that the area of the stability region increases as the
exoskeleton feedback delay decreases. A smaller exoskeleton
feedback delay also moves the rightmost eigenvalues further
away from the imaginary axis in general. Thus, the addition of
the exoskeleton improves the stability of an inherently stable
biomechanical model.

The exoskeleton is also able to stabilize an inherently
unstable biomechanical model. Stability charts are shown in
Fig. 5 using reflex gains P1, P2, and P3, with reflex delay
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Fig. 4. Stability charts for the exoskeleton-assisted biomechanical model with
reflex gains P0 and delay τb = 0.2 s: (a) τe = 0.1 s; (b) τe = 0.067 s; (c)
τe = 0.05 s. The scales and shading indicate the real part of the rightmost
eigenvalue.

τb = 0.2 s. Note that, for reflex gains defined by P1 and
P3, the exoskeleton is able to stabilize the system when the
feedback delay is τe = 0.1 s. However, at P2, the assisted
biomechanical model can be stabilized only for exoskeleton
feedback delays up to approximately 0.071 s.

D. Effect of Time Delays on Stability

The stability boundary for four combinations of reflex
delay (τb) and exoskeleton feedback delay (τe) are shown in
Fig. 6, over a range of exoskeleton gains with reflex gains
set to P0. As shown, the stability boundary changes in both
area and overall shape. Although other metrics may also be
important, we use the area of the stability region to quantify
the stability of the exoskeleton-assisted biomechanical model
as the delays vary. We consider reflex delays in the range
0.075 s ≤ τb ≤ 0.256 s [7], [10], and exoskeleton delays in
the range 0.055 s ≤ τe ≤ 0.124 s based on delays that have

Fig. 5. Stability charts for the exoskeleton-assisted biomechanical model
with delay τb = 0.2 s: (a) reflex gains P1, τe = 0.1 s; (b) reflex gains
P2, τe = 0.071 s; (c) reflex gains P3, τe = 0.1 s. The scales and shading
indicate the real part of the rightmost eigenvalue.

been used in the literature to be compatible with the biological
reflex delay [32], [33].

The area of the stability region in the parameter space of
Kpe and Kde is shown in Fig. 7 as the reflex and exoskeleton
time delays vary. Areas were computed by generating stability
regions similar to those shown in Fig. 6 and integrating the
enclosed area. Note that all stability regions reside entirely
within the first quadrant of the parameter space. The black
circle in each panel of Fig. 7 indicates the combination of time
delays resulting in the stability region with the largest area.
It is important to note that the area of the stability region
does not necessarily decrease as the reflex delay decreases,
though a smaller exoskeleton time delay is always beneficial.
For example, in Fig. 7(a), a reflex delay of τb = 0.2 s results
in a larger stability region than a reflex delay of τb = 0.1 s
when the exoskeleton delay is small.
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Fig. 6. Stability boundaries for the minimum and maximum reflex delays
(τb) and exoskeleton feedback delays (τe) considered in this work, with reflex
gains P0.

IV. CONCLUSIONS

The stability of postural sway during quiet stance was
studied using an inverted pendulum model, considering reflex
delays in the biomechanical system as well as feedback delays
in the exoskeleton controller. We used the Galerkin projection
method to translate the governing second-order neutral DDE
into a system of first-order ODEs. The eigenvalues of the
ODE system could then be readily computed to quantify
the stability of the original DDE system. We verified our
modelling approach through comparison to stability bound-
aries reported in the literature using a simple actuator at
the ankle. We then introduced a torque at the ankle that
reflects the moment-generating capability of the plantarflexor
and dorsiflexor muscles, and further augmented the system by
adding an exoskeleton torque under PD control with delayed
feedback. Using the Galerkin method, we obtained not only
the stability boundaries but also the stability margin as gains
and time delays varied. The three key findings from this study
were as follows: (1) the modelled assistive device was capable
of stabilizing inherently unstable human models; (2) with
knowledge of the biological system parameters, the proposed
strategy can be used to estimate the maximum exoskeleton
delay that will stabilize the system; and (3) in some scenarios,
reducing the reflex delay will decrease the area of the stability
region.

There are several limitations of this study. First, we have
used a simple inverted pendulum model which neglects motion
of the knee, hip, and upper body, as well as motion in the
frontal plane. Second, we have approximated the torques gen-
erated by all plantarflexor and dorsiflexor muscles using two
actuators, and we have not modelled muscle force-generation
delays. Third, we have limited our analysis to PD-controlled
exoskeletons. Finally, our simulation results have not been
validated with experiments.

Exoskeletons and other active assistive devices represent
a substantial opportunity to improve health and longevity.
Study of the physical and neurological interfaces between
biological and mechatronic systems will lead to improved
device designs and fewer injuries. The proposed modelling
and simulation approach can provide insight into the effect
of changes in the magnitude and timing of muscle reflexes

Fig. 7. Logarithm of the area of the stability region in the space of the
exoskeleton control gains: (a) reflex gains P0; (b) reflex gains P1; (c) reflex
gains P2; (d) reflex gains P3. The black circle indicates the stability region
with largest area.

and assistive torques on postural stability. These simulations
provide valuable insight by isolating parameters that cannot be
controlled in experiments. Although the exoskeleton designer
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cannot control the inherent gains and reflex delays of the
biological system, these model parameters could be measured
or identified over time to improve exoskeleton performance.
Future work includes applying these modelling and simulation
techniques to more detailed biological models (e.g., applying
forces along individual muscle paths and considering muscle
force-generation delays [38]), exploring the effect of exoskele-
ton inertia, investigating more complex exoskeleton control
strategies, studying robustness in greater detail, and validating
the simulation results experimentally.
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